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ATSUSHI MORIWAKI 



ABSTRACT. We introduce the volume function for C^-hermitian invertible sheaves on 
an arithmetic variety as an analogue of the geometric volume function. The main result of 
this paper is the continuity of the arithmetic volume function. As a consequence, we have 
the arithmetic Hilbert-Samuel formula for a nef C°° -hermitian invertible sheaf. We also 
give another applications, for example, a generalized Hodge index theorem, an arithmetic 
Bogomolov-Gieseker's inequality, etc. 



Introduction 

Let X be a d-dimensional projective arithmetic variety and Pic(X) the group of iso- 
morphism classes of C°°-hermitian invertible sheaves on X. For L E Pic(X), the volume 
vol(L) of L is defined by 

vd(X) = Umsup l° g #{^g°(XmX )M | s | Up < 1} 

m^oo 771 /a! 

For example, if L is ample, then vol(L) = deg(c(L)' rf ) (cf. Lemma [XT1 >. This is an 
arithmetic analogue of the volume function for invertible sheaves on a projective variety 
over a field. The geometric volume function plays a crucial role for the birational geometry 
via big invertible sheaves. In this sense, to introduce the arithmetic analogue of it is very 
significant. 

The first important property of the volume function is the characterization of a big C°°- 
hermitian invertible sheaf by the positivity of its volume (cf. Theorem 14.51 ). The second 
one is the homogeneity of the volume function, namely, vol(rjX) = n d vo\(L) for all non- 
negative integers n (cf. Proposition l4.7b . By this property, it can be extended to Pic(X) £g) 
Q. From viewpoint of arithmetic analogue, the most important and fundamental question 
is the continuity of 

vol : PicpO ® Q -> K, 
that is, the validity of the formula: 

lim vol(T + e{Ai -\ h e n A n ) = vol(L) 

6l,...,£„£Q 

ei^O,...,e„^0 

for any L,A\,..., A n £ Pic(X) eg) Q. The main purpose of this paper is to give an 
affirmative answer for the above question (cf. Theorem l5.4b . As a consequence, we have 
the following arithmetic Hilbert-Samuel formula for a nef C°°-hermitian invertible sheaf: 
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Theorem A (cf. Corollary 15. 51 . Let L and N be C°°-hermitian invertible sheaves on X. 
If L is nef, then 

log #{s S H°(X, mL + N) | ||s|| sup < 1} = ^iM^j ^ m d + {m d ) (m » 1). 

In particular, vol(L) = deg(ci(L)' d ), and L is big if and only if Aeg(c\{L)' d ) > 0. 

In a more general setting, we have the following generalized Hodge index theorem: 

Theorem B (cf. Theorem |6.2| >. Let L be a C oc -hermitian invertible sheaf on X. We 
assume the following: 

(i) Lq is nef on Xq. 

(ii) Ci(L) is semipositive on X(C). 

(iii) L has moderate growth of positive even cohomologies, that is, there are a generic 
resolution of singularities fj, :Y — » X and an ample invertible sheaf A on Y such 
that, for any positive integer n, there is a positive integer mo such that 

log #(tf 21 (Y, m(n/x* (L) + A))) = o(m d ) 

for all m > mo and for all i > 0. 

Then we have an inequality vol(L) > deg(ci(L)' d ). 

Theorem iBl implies that if L is nef on every geometric fiber of X — > Spec(Z), c\(L) 
is semipositive on X(C), and deg(ci(_L)' rf ) > 0, then L is big (cf. Corollarv l6.4b . This is 
a generalization of flTTl Corollary (1.9)]. Moreover we can see the arithmetic Bogomolov- 
Gieseker's inequality as an application of TheoremlBl (cf . Corollary 16. 5\ . 

In the geometric case, the above Theorem [A] can be proved by using the Riemann- 
Roch formula and Fujita's vanishing theorem. In the arithmetic case, the proof in terms 
of the arithmetic Riemann-Roch theorem seems to be difficult. Instead of it, we prove the 
continuity of the volume function by direct estimates. For this purpose, the technical core 
is the following theorem, which was inspired by Yuan's paper fl6l . 

Theorem C (cf. Theorem 13. 4\ . Let X be a projective and generically smooth arithmetic 
variety of dimension d > 2. Let L and A be C°° -hermitian invertible sheaves on X. We 
assume the following: 

(i) A and L + A are very ample over Q. 

(ii) The first Chern forms Ci(A) and C\{L + A) on X(C) are positive. 

(iii) There is a non-zero section s £ H° (X, A) such that the vertical component of 
div(s) is contained in the regular locus of X and that the horizontal component 
of div(s) is smooth over Q. 

Then there are positive constants ao, C and D depending only on X, L and A such that 

log#{se H°(X,aL+ (b- c)A) \ ||s|| sup < 1} 

<log#{se H°(X,aL-cA) \ \\s\\ sup < 1} 

+ Cba' 1 - 1 +Da d - 1 \og(a) 

for all integers a, 6, c with a > b > c > and a > ao- 

In order to explain the technical aspects of the above theorem, let us consider it in the 
geometric case, namely, we assume that X is a projective smooth variety over C, and we 
try to estimate 

A = h°(X, aL+(b- c)A) - h°(X, ah - cA). 
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The first elegant way: Let us choose an infinite sequence {Yi}°^ 1 of distinct smooth 
members of \A\ such that 

h°(Y h n.L + mA\ Y .) = h (Yj, nL + mA\ Yj ) 

for all i, j and all integers n, m. Then an exact sequence 

b 

-> H°(X, aL - cA) -> H°(X, aL + {b - c)A) -► #°(T 4 , aL + (6 - c)A\ Y .) 

i=l 

gives rise to A < b ■ h°(Yi, a(L + A)\ Y )■ This argument does not work in the arithmetic 
situation. 

The second way: In the paper [ 16], for a fixed smooth member Y S Yuan consid- 
ered an exact sequence 

— > aL + (k - 1 - c)A -> aL + (fe - c)A -> aL + (k - c)A\ Y -» 

for each 1 < k < b, which yields 

b 

A <^2h°{Y, aL + (k - c)A\ Y ) <b-h°(Y, a(L + A)\ Y ). 

k=l 

This second way works if we consider the arithmetic \ instead of the number of small 
sections. In this way, Yuan lfl6ll obtained an arithmetic analogue of a theorem of Siu. 
However, if we estimate the number of small sections by using the above way, the growth 
of the contribution from error terms is larger than the main term. 
The third way: An exact sequence 

— > aL - cA — > aL + (b - c)A -> aL + (b - c)A\ bY -> 

gives rise to 

A<h°{bY,aL+{b-c)A\ bY ). 
On the other hand, using exact sequences 

-> aL + (b - c - k)A\ Y -> aL + (b - c)A\ {k+1)Y -> aL + (b - c)A\ kY -> 0, 

we have 

6-1 

ft,°(6y, aL + (6 - c)A\ bY ) < h°{Y, aL+(b-c- k)A\ Y ) 

<b-h°(Y,a(L + A)\ Y ). 

In the arithmetic context, the behavior of the error terms by this way is better than the sec- 
ond way, so that we could get the desired estimate. Of course, this way is very complicated 
because it involves non-reduced schemes. 

The paper is organized as follows: In Section 1, we prepare several estimates of norms 
on complex manifolds. In Section 2, many formulae concerning the number of small sec- 
tions are discussed. Through Section 3, we give the proof of the main technical estimate of 
the number of small sections. In Section 4, we introduce the volume function on an arith- 
metic variety and consider several basic properties. In Section 5, we prove the continuity 
of the volume function and the arithmetic Hilbert-Samuel formula for a nef C°°-hermitian 
invertible sheaf. Finally, in Section 6, we consider the generalized Hodge index theorem 
and the arithmetic Bogomolov-Gieseker's inequality. 

Finally we would like to thank Prof. Mochizuki for valuable correspondences. 
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Conventions and terminology. We fix several conventions and terminology of this paper. 

1. For a real number x € E, the round-up \x\, the round-down [xj and the fractional 
part {x} are defined by 

\x~\ := min{fc G Z | x < k}, [x\ := maxjfc G Z | fc < x} and {x} = x — [a^J • 

2. For a complex vector z = (zi, . . . , z n ) e C™, two norms |z| and |z|' are defined by 

\z\ = \/\zi\ 2 H 1- \z n \ 2 and \z\' = \zi\ H h |z„|. 

Note that |z| < \z\' < y/n\z\ for all z € C". 

3. Let (V, <t) be a finite dimensional normed vector space over E. The norm er is some- 
times denoted by || • ||. Let / : W — * V be an injective homomorphism of vector spaces 
over E. Then the norm a on V yields a norm er' on W given by er'(x) = a(f(x)). This 
norm <r' is denoted by <tw^v and is called the subnorm of er. Let g : V — > Q be a 
surjective homomorphism of vector spaces over E. Then a norm er" on Q is defined by 

er"(y)=inf{er(x) \xeg-\y)}. 

This norm er" is denoted by ctv~»q and is called the quotient norm of er. Let 

-» V -» V -» V" -» 

be an exact sequence of finite dimensional vector spaces over E. Let er', er and er" be norms 
of V, V and V" respectively. We say 

^(y',cr')-(y,Cr)^(y",Cr")-0 

is an exact sequence of normed vector spaces if er' = cry/^y and er" = ery^y// . Let V v 
be the dual space of V, that is, V y = Horrid (V, E). The dual norm cr v of V v is given by 

cr v (» = sup{|0(x)| I x e V and cr(x) < 1}. 

4. Let X be either a scheme or a complex space. Let L\, . . . , L n be invertible sheaves 
on X and mi, ... , m„ integers. In this paper, the tensor product L® mi ® • • • ® L™« of 
invertible sheaves is usually denoted by 

mi-Li H h 

in the additive way like divisors. 



5. Let X be a compact complex manifold and ft a volume form on X. Let L = (L, 

mitian inver 
sup-norm || • ||^ up on H°(X, L) are defined by 



be a C°°-hermitian invertible sheaf on X. Then the natural L 2 -norm \\ ■ ||£ 2 q and the 



V2 

*llkn= ( / and ll s ll s i u P = sup{|s| L (x) |xeX} 



for s e H°(X, L). For simplicity, ||-||£ 2 q (resp. ||-||^ up ) is often denoted by ||-||£ 2 or || -\\ L 2 
(resp || • || SU p). For a real number A, a C°°-hermitian invertible sheaf (L, exp(— A)| • \l) is 

denoted by . Let A be a positive C°°-hermitian invertible sheaf on X. The normalized 
volume form Q(A) associated with A is given by 

where ci (A) is the first Chern form of A and d = dim X. Note that J x Q(A) = 1. 
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6. A quasi-projective scheme over Z is called an arithmetic variety if X is an integral 
scheme and fiat over Z. We say X is generically smooth if X is smooth over Q. By 
Hironaka's resolution of singularities (9], there is a projective birational morphism /z : 
X 1 — > X of arithmetic varieties such that X' is generically smooth. This [i : X' — > X is 
called a generic resolution of singularities of X. 

7. Let X be a projective arithmetic variety and L a C°°-hermitian invertible sheaf on X. 
According to lfl4l . we define three kinds of the positivity of L as follows: 

• ample : L is ample if L is ample on X, the first Chern form c\ (V) is positive on X(C) 
and nA is generated by sections s G H°(X, nA) with ||s|| sup < 1 for a sufficiently large 
n. 

• «<?/: L is nef if the first Chern form ci(L) is semipositive and deg( H | r ) > for any 
1-dimensional closed subscheme T in X. 

• big : L is big if Lq is big on Xq and there are a positive integer n and a non-zero 
section s of H°(X,nL) with ||s|| SU p < 1. 

By IfTTl Corollary (5.7)], if L is ample, then, for a sufficiently large integer n, H°(X, nL) 
has a basis s\, . . . , sjv as a Z-module with ||si|| sup < 1 for alH = X,...,N, 

8. Let AT be a projective arithmetic variety, and let L and M be C°°-hermitian invertible 
sheaves on X. We say L is less than or equal to M, denoted by L < M, if there is an 
injective homomorphism <f> : L — > M such that |0c(')|m — I ' k on X(C), where | • \l and 
| • | m are hermitian norms of L and M respectively. The following properties are easily 
checked (for the proof, see Remark [53] i: 

(1) I < M if and only if -M < -L. 

(2) If I < M and l! < M' , then L + l'<M + m'. 



1. Several estimates of norms on complex manifolds 

1.1. Gromov's inequality. In this subsection, we consider Gromov's inequality and its 
variants. Let us begin with the local version of Gromov's inequality. 

Lemma 1.1.1 (Local Gromov's inequality). Let a,b,c be real numbers with a > b > 
c > 0. We set U = {z G C" | \z\ < a}, V = {z £ C^_| \z\ <_b} and W = {z G 
C™ | \z\ < c}. Let ft be a volume form on U, and let Hi, . . . ,Hi be C K -hermitian 
invertible sheaves on U. Let u)\, . . . , u>i be free bases of Hi , . . . , Hi over U respectively. 
Then there is a constant C depending only on Hi, . . . , Hi, u)\ , . . . , u>i, Q, a, b, c and n 
such that, for any positive real number p, all non-negative integers mi, . . . ,mi and all 
s G H°(U,miHi + --- + miH l ), 

f^Hrnu---,^ ^ Cmr(mi + ■■■ + mi + I) 2 " ^ N^,...,^) , 

where \ ■ |( TOll ..., mi ) is the hermitian norm ofniiHi + • • • + miHi and \p\ is the round-up 
of p (cf. Conventions and terminology^. 

Proof. Let | • \i be the hermitian norm of Hi and V4 — \oJi\i on U. Considering an 
upper bound of the partial derivatives of Uj over V, we can find a positive constant Ki such 
that 

\ui(x) - Ui(y)\ <Ki\x— y\' 



6 



ATSUSHI MORIWAKI 



for all x,y £ V (for the definition of | ■ |', see Conventions and terminology|2]i. We set 

D = max { max { — 1 , . . . , max j — 1 , } and R = 1 ID. 

Ixevlui(x)) xev lui(x) ) b-c) 

Then, for xq , x £ V, 

Ui(x) > Ui(x ) - Ki\x - x \' = Ui(x ) ( 1 T^-rk _ ^oM 

V Ui(Xo) J 

> Ui(x )(l - D\x - x \'). 

We set B(x ,R) = {x E C™ | \x - x \' < R}- Then 1 - D\x - x \' > for all 
x e B(x n , R). Moreover, if x g VF, then B(x , JJ)CF because 

1^ — < |^ — &o| < R < b — c. 
Here we claim the following: 
Claim 1.1.1.1. For a non-negative real number to, 

, 1 \ m 1 

X\ ■ ■ ■ X n I 1 (xi + • • • + Xn) efel ' ' • <&En > 











• / 2^1 ' 


' x n ^ 


/o 


Jo 





n v 7 " ([m] +l)™([m] +2)"' 

First let us consider the case where m is an integer. If to = 0, then the assertion is 
obvious, so that we assume to > 1. Since 



1 - -(x x H h x„) 

n 



l - E , m! , (i- ai r-(i-in) f 

.™ l ' — ' m.i • • • to... 



and 



n'" 1 — ' toi! • • • to„ 

mH hm^^m 

mi>0,...,m n >0 



x(l — x) d dx 



(d+l)(d + 2) 

for a non-negative integer d, the integral I in the claim is equal to 
1 % - to! 1 

ri™ ^ ^ TOi! • • • m n \ (mi + 1)(toi + 2) • • • (m„ + 1)(to„ + 2) ' 

mH \-m n —m y /v / v /v 7 

mi >0,. . . ,m n >0 

Thus 



~~ Cm . + 1 Wm -I- ^"n.™ ^ 



(to + IWto + 2)"n m ^ toi!---to„! (to + l)"(m + 2) n ' 

mH ym n —m ' K ' ~ ' 

mi>0,...,m JV >0 



If to is not integer, then 

1 - -(x x H h a;„) I > I 1 — — (xH h a; n ) 



^ \ m / 1 \ M 



because < 1 — ^(zi + • ■ • + x n ) < 1. Thus the claim follows. 
We choose a positive constant e with > efl can on where 

Qcan = — ^ — dzi A dzi A • • • A dz n A G?z r , 
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Let s be an element of H°(U, m\H\ + ■ ■ ■ + miHi). Then we can find a holomorphic 
function / over U with s = fuof mi ® • • • ® wf ™ ! . We also choose x eW such that the 
continuous function |s|( OTl ,...,mi) on W takes the maximum value at xq. Then 



(mi,...,m;)^ — ^ / I ^ I (mi ,. . . ,m; ) ^ can 



V JB(x ,R) 
B(x ,R) 

>e Ul (x Y mi ■■■u l (x () r m > I \f\ p ^-D\x-x \') m ^can, 

JB{x ,R) 

where m = p(mi + ■ ■ ■ + mi). Moreover, if we set 

x-x = (n exp(V II l#i), ■ ■ ■ ,r n exp(y/^19 n )), 

then 



|/|f(l-D|a:-arorrfican 

B(x Q ,R) 



riH hr„<R 

ri>0,...,r n >0 



• • • / t»i ■ • • d0„ ) n • • • r n (l-D( n +- ■ ■+r n )) m dr 1 ■ ■ ■ dr n . 

o Jo 



Since \f\ p is subharmonic, we have 

/•27T /.27T 



/ •••/ |/|*-d»i (27r)"]/(ar )| 1 '. 
Jo Jo 

Therefore, using Claim [P. 1.11 



/ \f\P(l-D\x-x \') m Sl 

JB(x ,R) 



> (27r)™|/(x )| p / ^ ^r 1 ---r n {l-D{r l + --- + r n )) m dr l ---dr n 

jr\-\ \-r n <H 

ri>0,...,r n >0 



> (2n) n \f(x )\ p / n • • • r„(l - £>(n + • • • + r n )) m dn ■ • • dr r; 

■/[O.-R/™]™ 

(27r)™|/(x )|f 1 



> 



(nD) 2 " {\m\ + l)"([m] + 2)™ ' 
Gathering all calculations, if we set C — e(2ir) n / (nD) 2n , then 



sIL. > 

v 



C'\s(xq)\ p . 



l(mx,...,m,) - (|" m -| _|_l)«(p m ] +2)™' 

Further, since [~m] < [p] (mi + ■ ■ ■ + m;), 

([ml + l) B ([m] + 2)" < (fp] (mi + • • • + ro,) + l)"(bl (m x + •• • + mi) + 2)™ 
< (fpl (mj + • • • + mi + l)) n {2\p] (mi + • • • + m, + 1))™ 
= 2"(bl) 2 "(mi + --- + m / + l) 2 ™. 
Thus we get the lemma. □ 
The partial results of the following corollary are found in lfl2l and ifTTl. 
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Corollary 1.1.2 (Gromov's inequality). Let M be an n-dimensional compact complex 
manifold, il a volume form on M, and let Hi, . . . ,Hibe C oc -hermitian invertible sheaves 
on M. Then there is a constant C depending only on Hi, . . . , Hi, fl and M such that, for 
any positive real number p, all integers mi, . . . , m; with mi > 0, . . . , m; > 0, and all 
seH°(M, miHi + ---+m l H l ), 

^{Mfmx,...,™,)**)} ^ C{\p\f-{ mi + ... +m + l) 2n (/ M l^ roi ,... ;TOi) 0) . 

Proof. We take a finite covering {?7i}i=i,..., m of M with the following properties: 

(1) f/j is isomorphic to {z G C™ | |z| < 1} by using a local coordinate Zi(x) = 
{Zii[X), . . . , Zi n (x)). We set Vi = {xeUi\ \z t {x)\ < 1/2} and W t = {x e U t \ 
\zi{x)\ < 1/4}. 

(2) There are local bases con , ... ,uu of Hi, ... Hi over Ui respectively. 

(3) U™ i Wi = M. 

Then our corollary follows from the local Gromov's inequality. □ 

Corollary 1.1.3. Let M be an n-dimensional compact complex manifold, and let Hi, . . . ,Hi 
be -hermitian invertible sheaves on M. Let V be a closed complex submanifold of M. 
Let f^M and fly be volume forms on M and V respectively. Then there is a constant C 
such that 

C{m 1 + --- + mi + lf n ( \s\ 2 Sl M > [ 
Jm Jv 

for all non-negative integers mi, . . . , mi and all s <G H°(X, miHi + • • • + miHi). 
Proof. Note that 

I I s 1 1 sup ^ II s \v 1 1 sup ^ V r ^ • 

JV llv 

Thus the corollary follows from Gromov's inequality. □ 

The following lemma is due to Takuro Mochizuki, who kindly tell us its proof. This is 
a variant of Gromov's inequality. 

Lemma 1.1.4. Let X be an n-dimensional compact complex manifold and u a positive 
(1, l)-form on X. Let Hi, . . . , Hi be C°° -hermitian invertible sheaves on X. Then, for 
an open set U of X, there are positive constants C, C and D' such that 

sup{| S | (mi ...., mi) (x)} < C™i+"'+™< S up{| S | (mi ,..., roi) (z)}. 
xex xeu 

[ UI 2 . .An < n ' . r' mi + "' +m ' f UI 2 i , A ™ 

J x |S|(m 1 ,...,m,) w S^'O J u \ s \(m 1 ,...,m l ) u! 



s\ v \ 2 n v 

<M JV 



and 



for all non-negative integers mi, . . . , m; and all s <E H°(X, m\H\ + • • • + miH), where 
I ' |(mi,...,mi) !S th e hermitian norm ofmiH\ + • • • + m\Hi. 

Proof. Shrinking U if necessarily, we may identify U with {x e C n | \x\ < 1}. We 
set W = {x e C™ | |a;| < 1/2}. In this proof, we define a Laplacian D w by the formula: 

-^-dd{g) Au; A< - n -^ = D^(g)u; An . 
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Let en be a C°°-function given by ci(if,) A u A (™ 1 ) = aiLo An , where ci(-H",) is the first 
Chern form of Hi. We choose a C°° -function </>,- on X such that 



/\n / i An 

X Jx 

and that 0j is identically zero on I \ VT. Thus we can find a C°° -function i 7 !; with 
D u (Fi) = Oi - Note that = a, on X \ W. 

Let s e H°(X, m\Hi + h m/i//) and we set 

/ = N( mi ,..., mi ) exp(-(m 1 F 1 + • • • + m^O). 

Claim 1.1.4.1. max xeX \ VF {/(a:)} = max ieS(ff) {/(i)}. 

If / is a constant over X \ W, then our assertion is obvious, so that we assume that / is 
not a constant over X \ W . In particular, s ^ 0. Since 



f : <9<9(log(|s|( mij ...,,„,))) = ci(mi-H"H \-miHi) = miCi(i2i)H \~mia(Hi), 

we have □ w (log(/)) = on X \ (W U Supp(div(s))). Let us choose x E X \ W such 
that the C°° -function / over X \ W takes the maximum value at xq. Note that 

x e X\ (T^USupp(div(s))). 

For, if Supp(div(s)) = 0, then our assertion is obvious. Otherwise, / is zero at any point 
of Supp(div(s)). 

Since log(/) is harmonic over X \ (W U Supp(div(s))), log(/) takes the maximum 
value at xq and log(/) is not a constant, we have xo £ d(W) by virtue of the maximum 
principle of harmonic functions. Thus the claim follows. 

We set 

di = min jcxpf— FA}, D; = max |exp(— FA} and C = max {Di/d;}. 

x£X\W xdd(W) i=l,...,V 

Then 

over X \ W and 



d™ 1 ■ ■ ■ dp |s|( mii ... imi ) < / 



/ < D" 11 ■ ■ ■ D mi 



(mi,...,m ; ) 



over d(W). Hence 



max {\s\f mi m A < C mi+ - +mi max {\a\f mi mi) } 

x£X\W <(mi,...,mi)J x£d(W) '(rn,i,...,mi)J 



xGW V " 



which implies that 



™*M mi ,..., mi) } < max{\s\ 2 {mi _ mi) }. 

zfcA x£W 

This is the first part of the lemma. Note that e x > x + 1 for x > 0. Thus, by the local 
Gromov's inequality (cf. Lemma fl.l.ll i. there are constants C\ and D\ such that 

max{|s|f roi ,..., mi) } < D X ■ C?>+- +m ' f M? mi ,.„, mi) fi 

x£W Ju 

for all non-negative integers mi , . . . , m; and all s S H°(X, miHi + • • • + miHi). There- 
fore the second assertion follows. □ 
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1.2. Distorsion functions. Let X be an n-dimensional projective complex manifold and 
fi a volume form of X with f x = 1. Let = h) be a C°°-hermitian invertible 
sheaf on X. For s, s' £ H°(X, H), we set 



Let si, . . . , sjv be an orthonormal basis of H°(X, H) with respect to ( , )-g Q . We define 

iV 

dist(JT,fi)(a;) =5Z/i(s i ,s i )(a;). 



i=l 



Note that dist(i/, O) does not depend on the choice of an orthonormal basis. In the case 
of H°(X, H) = {0}, dist(i?, f2) is defined to be the constant function 0. The function 
dist(i/ , Q) is called the distorsion function of H with respect to Q. 

Let A be a positive C°°-hermitian invertible sheaf on X. Due to Bouche f3| and Tian 
ifTSl . we know that 

dist(aA,n{A))(x) 



sup 



- 1 



= 0(l/o) 



dimi?°(aA) 

for a ^> 1, where f2(A) is the normalized volume form associated with A (cf. Conventions 
and terminology [5]). Using this result, Yuan [ 16 Theorem 3.3] proved the following: 

Theorem 1.2.1. Let A = (A, hjC) and B — (£?, hs) be positive C°° -hermitian invertible 
sheaves on X. Then there are positive constants C\ and C 2 such that 

dist(aA-bB,Q(A))(x) < dimH°(aA) ^1 1 K ' M 1 

for all x £ X, a > 1 and b > 3C 2 - 

Proof. For reader's convenience, we reprove it here. By Bouche-Tian's theorem, there 
are constants C\ and C 2 such that 

dim H°(aA) ^1 - ^ < dist(aA,Q(A))(z) < dim H°(aA) (\ + ^ 

and 

dimH°(bB) (l - < dist(bB,n{B)){z) < 6kaH°(bB) (l + 

for all z g X, a > 1 and b 3> 1. By taking larger Ci and C2 if necessarily, we may 
assume that the above inequalities hold for all z £ X and all a, b > 1. 

Let us fix an arbitrary x £ X. Let us choose an orthonormal basis of H°(bB) with 
respect to ( , ) 6 -g n ^ such that only one section is non-zero at x. We denote this section 
by s(b). Then 

h b B( s ( b )^ s ( b ))( x ) = dist(bB,a(B))(x) > dimH°{bB)(l - C 2 /b). 
On the other hand, 



Therefore 



l s 0)llsu P < supdist(65,fi(-B))(z) < dim H° {bB)(l + C 2 /b). 

zex 



» 6 b(*(&), *(&))(*) > l-C a /6 



||a(6)||» -l + C 2 /6 
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We choose an orthonormal basis ti, . . . , t r of H°(aA—bB) with respect to ( , ) a A-bB n(A) 
such that s(b)ti, . . . s(b)t r is orthogonal with respect to ( , ) a -^ in H°(aA). This is 
possible because a hermitian matrix is diagonalizable by an unitary matrix. Then 

{s(6)*t/||s(6)*t|| ^ > n(3)}i=i,...,r 
is apart of an orthonormal basis of H°(aA). Thus 

E fe ^ (s( ^;' 2 s(6)t ' )(x) < dist(aA,il(A))(x) < dimfr°(aA)(l + Ci/a). 

On the other hand, 

Therefore 

^ MiflM ft -ft. tow 



fo^( s (ty t ,s(6)t t )(x) 

i=l 

Thus, if 6 > 3C 2 , then 



E IP * dlmflO(aA)(l + CTx/a). 

i=l H S W ri llaXO(A) 



diBt(aZ-6B,fi(3))(x) < dimg (aA) (1 + C ' l/a) / l 1 + Cf2/6) . 

1 — 02/0 

It is easy to see that 

(l + Ci/o)(l + C 2 /6) = 2C x 3C 2 b - 3C 2 /ft ft 

I-C2/& aft 6-C 2 V a 6 
Therefore, if b > 3C 2 , then 

(l + Ci/ ffl )(l + C 2 /6) 2d 3C 2 

I-C2/6 " a 6 ' 



□ 



Let L and A be C°°-hermitian invertible sheaves on a projective complex manifold X. 
Assume that A and L + A are positive. We set f2 = f2(L + A). Let a, b, c be non-negative 
integers. Let s be a non-zero element of H°(bA) with 1 1 s 1 1 sup < 1. Let ( , ) a j;_ c -j and 
( , ) a x+(b- c )A ^ e the natural hermitian metric of H°(aL — cA) and H°(aL + (b — c)A) 
with respect to SI. We set 

{B L , ={te H°(aL - cA) I (t,t) aT _ c -z < 1} 
[Ssub = {te H°(aL - cA) I (st, st) aT+(b _ c) ^ < 1}. 

Then we have the following corollary, which is a variant of [ 16 Proposition 3.1] 

Corollary 1.2.2. There are positive constants C\ and C 2 such that 

2Ci 3C 2 



/or aW a > 3C 2 awe/ c > 0. 



+ c 
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Proof. Since aL — cA = a(L + A) — (a + c)A, by Theorem |1.2.1| there are positive 
constants C\ and C 2 such that 

(1C 2C \ 
1 + — - + - 
a a + c J 

for all x G X, a > 1 and a + c> 3C 2 . Note that if a > 3C 2 and c > 0, then a + c> 3C 2 
and a > 1. 

We choose an orthonormal basis i 1; . . . , t r of H°(aL — cA) with respect to ( , ) a j-_ -j 
such that st\, . . . , s£ r are orthogonal with respect to ( , ) a x+(b-cfA m Then, using Jensen's 
inequality, for a > 3C 2 and c > 0, 

* - z>i*w.** -\i>*J x w2|t,|2f! 

>jE / i"g(i»i 2 )if<i 2 " 

»=i 

= i/ log(|s| 2 )dist(aI-cA,f2)fi 
2 Jx 

> dimH°(a{L + A)) (J log(|s|)fi) f 1+ + . 

□ 



2. NORMED Z-MODULE AND ITS INVARIANTS fl°, h 1 AND X 

Let (M, I) • I)) be a normed finitely generated Z-module, namely, M is a finitely gen- 
erated Z-module and || • || is a norm on Mr = M £3z We define H°(M, || • |j) and 
ft°(M,|| ■ ||) to be 

H°(M, || • ||) = {x G M I ||x|| < 1} and h°(M, || • ||) = log##°(M, \\ ■ ||). 
It is easy to see that 

h°(M, || ■ ||) - h°(M/M tor , || • ||) + Iog#(M tor ), 
where M tor is the torsion part of M. We set 

B(M,\\-\\) = {xeM K \\\x\\<l}. 
Then x(M, \\ ■ ||) is defined by 

X{M, || ■ ||) = log f Tlf^'jJ^O + log 

V VOl(M H / (M/Mtor ) ) / 

Note that x(M, || • ||) does not depend on the choice of a Lebesgue measure of Mr arising 
from a basis of Mr. Let M v be the dual of M, that is, A/ v = Hom z (M, Z). Note that 
M v is torsion free. Since (M v )r is naturally isomorphic to (Mth) v , we denote (M v )r by 
Mg. The norm || • || of Mr yields the dual norm || • || v of M^ as follows: for cj> G Mg, 

||0|| v = sup{|0(x)| IzeWMI)}. 

Then H 1 (M, 1 1 • 1 1 ) and h 1 ( M, 1 1 ■ 1 1 ) are defined by 

H 1 (M,\\.\\)=H°(M\\\-f) and h 1 (M,\\-\\) = h°(M\\\-\n 
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Let E = {ei, . . . .e r } be a free basis of of M /Mtor and let ( , )s be the standard inner 
product of Ml Mtor in terms of the basis E, that is, 

(x, y)s = aih H h a r b r 

for x — aiei, + ■ ■ ■ + a r e r , y = biei + ■ ■ ■ + b r e r G M/Mt or - Then we can see 

h^M, || • ||) = log#{x e M/M tor | |<x,y) E | < 1 for all y e B(M, || • ||)}. 

In the case where M = {0}, ft°(M, || • ||), h l (M, \\ ■ ||) and x(M, || • ||) are defined to be 
0. The following proposition is very useful to estimate h° of normed Z-module. This is 
essentially the results in Gillet-Soule 0. The following formulae are also pointed out in 
Yuan's paper lfl6l . 

Proposition 2.1. (1) For a normed finitely generated 1,-module (M, | ■ ||), 

- log(6) rkM < h°(M, Ml) - h\M, \\ ■ \\) - X (M, || • ||) 

< log(3/2)rkM + 21og((rkM)!). 

(2) Let || • ||i and \\ ■ H2 be two norms of a finitely generated TL-module M with \\ ■ || 1 < 
|| ■ 1 1 2- Then 

h°{M, || • || x ) > h°(M, || • ||a) and h l (M, \\ ■ || x ) < h 1 (M, \\ ■ || 2 ). 
Moreover, 

X(M> II -h) X(M, II • Hi) < h°(M, || ■ || a ) - h°(M, \\ • || x ) 

+ log(9) rkM + 21og((rkM)!). 

(3) For a non-negative real number X, 

0<h°(M,exp{-X)\\-\\)-h°(M,\\-\\) 

< X rk M + log(9) rk M + 2 log((rk M) !) . 

(4) Lef 

- (M', || • II') (M, || • ||) (M", || • II") - 
foe an exacf sequence of normed finitely generated TL-modules, that is, 

-> M' M M" -> 
is an exacf sequence of finitely generated 1,-modules and 

- (Mr, I) ■ HO A (Mr, I) • I)) ^ (Mr, II • ||") - 
is an ejcacf sequence of normed vector spaces over R. Then 

h°{M,\\ • ||) < /i°(M',|| • \\') + h°(M",\\ • ||")+log(18)rkM' 

+ 21og((rkM')!). 

(5) If there is a basis {ei, . . . , e r kM} of M / M tor with ||e,|| < 1 for all i, then 

h x (M, || • ||) < log(3)rkM. 
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Proof. First we would like to give remarks on the paper [6| due to Gillet-Soule. We 
use the same notation as in (6). Let K be a convex centrally symmetric bounded and 
absorbing set in W 1 . Let K* be the polar body of K, i.e., 

K* = {x e R n I |{a;,y)| < 1 for all ye K}. 

We denote the volume of K by V(K) and #(KnZ n ) by M(K). We assume an inequality 

(2.1.1) V(K)V(K*) > fin), 

where / (n) is a constant depending only on h. If we read the paper [ 6 1 carefully (especially 
Theorem 1 and Proposition 4), we can easily realize that the above inequality implies the 
following inequalities: 

(2.1.2) 6- < , < 6 " 



M{K*)V{K) ~ /(n) 
and 

(2.1.3) M(K) < M(aK) < (for a e K with a > 1). 

fin) 

Mahler showed dlXB holds for f{n) = 4™(n!)- 2 (cf. El §14, Theorem 4]). Bourgain 
and Milman [4] also proved ( 12.1. Il l for f(n) = c n V n , where c is an absolute constant and 
V n is the volume of the unit sphere in R™. Here we uses Mahler's result for its simplicity. 

(1) Since 

h°(MA\'\\)-h l (M,\\.\\)-x(M,\\'\\) 

= h°(M/M tor , || • ||) - h}{M/M tor , || • ||) - x(M/M tor , || • ||), 
we may assume that M is torsion free. Thus (1) is a consequence of ( 12.1.2| >. 

(2) The inequalities h°(M, \\ • ||i) > h°(M, \\ ■ || 2 ) and h}(M, \\ ■ ||i) < h}(M, \\ ■ || 2 ) 
are obvious by their definitions. The third inequality is a consequence of (1). 

(3) Since 

h°(M, exp(-A)|| • ||) -h°(M, Ml) 

= /i (A.//M tor ,exp(-A)|| -||) - h°(M/M tor , \\ ■ ||), 
we may assume that M is torsion free. Thus it follows from (12.1.31 1. 

(4) We may assume M 1 is a sub-module of M. Let us choose X\, . . . , x\ 6 M with the 
following properties: 

(i) |N| < 1 for alii. 

(ii) g{xi) ^ g(Xj) for all i^j. 

(iii) For any x E M with ||x|| < 1, there is Xi such that g(x) — g(xi). 

By using (i) and (ii), for any x € M with ||x|| < 1, there is a unique Xi with g(x) = g(xi). 
Moreover x - xi E M' and \\x - Xi\\ < 2. On the other hand, log(H) < h°(M", \\ ■ \\") 
because ||(7(a;j)||" < 1 for all i. Therefore, 

h°(M, || • ||) < h°(M", || • ||") +log#{x' G M' | \\x'\\ < 2} 
Hence (4) follows from (3). 

(5) Let ( , ) be an inner product of M/M tor with respect to the basis {ei, . . . , e r kM}- 
Then, for x = a\e\ + ■ ■ ■ + OrkMBrkM) if &») j < 1 for all i, then |a.;| < 1 for all i. 
Thus (5) follows. □ 
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Remark 2.2. Note that 



(x + 1) log(x + 1) > x for all x > 0, 

log(n!) < (n + 1) log(n + 1) for all non-negative integer n. 



Therefore, we have simpler inequalities for each case of Proposition 12. II as follows. The 
inequalities (12.2.11 ). ( 12.2.2b . ( 12.2.3b and ( 12.2.41 ) are simpler versions of the corresponding 
inequalities in (1), (2), (3) and (4) of Proposition ^. 1 [ respectively. 



(2.2.1) 



h (M t \\.\\)-hHM t \\'\\)-mA\-\\) 

< (log(3/2) + 2) (rkM + 1) log (rkM + 1) . 



(2.2.2) x(M, || • ||a) - x(M, || . || x ) < h°(M, || • || 2 ) - h°(M, \\ ■ W,) 

+ (log(9) + 2) (rk M + 1) log (rk M + 1) . 



(2.2.3) < fr°(M,exp(-A)|| ■ ||) - h°(M,\\ ■ ||) 

< Ark M + (log(9) + 2) (rk M + 1) log (rk M + 1) . 



(2.2.4) A°(M, || • ||) < /j°(A/', || • ||') + h°(M", || • ||") 

+ (log(18) + 2) (rkM' + 1) log (rkM' + 1) . 

3. Approximation of the number of small sections 

In this section, we prove the main technical tool of this paper. First we consider the 
following three lemmas. The first one is an upper estimate of the number of small sections. 

Lemma 3.1. Let X be a projective arithmetic variety of dimension d, and let L and N be 
C°° -hermitian invertible sheaves on X. Then we have the following: 

(1) If L is ample, then 

h° (H°(X, ml + N), || • = de g(^)'V + oK) 

for m 3> 1. 

(2) In general, there is a constant C with 

h° (H°(X,mL + N), || • \\lf p +7r ) < Cm d 

for all m > 1. 

(3) Let fi : Y — > X be a generic resolution of singularities of X. Let O be a volume 
form on Y(C). An L 2 -norm of H (X, mL + N) is given in the following way: for 
t e H°(X,mL + N), 
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where \ ■ \ m j; + jf is the hermitian norm of mL + N. Then there is a constant C 
with 

h° (H°(X,mL + N), || • \\^ N ) < Cm d 

for all m > 1. 
Proof. ( 1 ) It is well-known that 

r- (tjOIv t i \T\ II \\in~L+N\ deg(ci(Z/) d ) d d 

X [H {X, mL + N), || ■ || sup + J = to + o(m ) 

for m > 1 (cf. @, H] and [F7] Theorem (1.4)]). Thus, by (2) of Proposition^ 

h° (H°(X,mL + N),\\ ■ W^™)-}? (H°(X,mL + N),\\ ■ 

dl 

Since L is ample, by [17, Theorem (4.2)] , H (X, mL + N) is generated by sections t with 
||t|| sup < 1. Thus, by (5) of Proposition IXT1 

hi (H°(X,mL),\\.\\^) = o(m d ). 

Hence we get (1). 

(2) Let A be an ample C°°-hermitian invertible sheaf on X. Then there are a positive 
integer n and a non-zero section t of H°(nA — L) with || s|| sup < 1. Let <fi : L nA be an 
injective homomorphism given by (f>(t) = s ® t. Then since |s 1| = \s\\t\ < \t\, <f> yields 
L < nA (cf. Conventions and terminology [8). Therefore mL < mnA for all to > 1. Thus 
(2) follows from (1). 

(3) By using Gromov's inequality on Y(C), there is a constant C\ such that 
for m 3> 1. Thus 

ft (H°(X,mL + N), || ■ ||™^) > (^(^mi + iV),^- 1 !! ■ . 
Moreover, by (3) of Proposition ^. 11 

h° (h°(X, mL + N),C l m d - 1 \\ ■ \\ r ^) 

= h° (H (X, mL + N),\\. \\^+ N ) + o(m d ). 

Therefore we get (3). □ 

Next we consider formulae concerning subnorms and quotient norms (cf. Conventions 
and terminology^. 

Lemma 3.2. (1) Let f : V — > W and g : W — * U be surjective homomorphisms of 
finite dimensional vector spaces over M. For a norm a ofV, (cry ^w)w '^>u = 
ay^tU a $ norms ofU. 
(2) Let 

W — ^— » V 



P Q 
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be a commutative diagram of finite dimensional vector spaces over R such that f 
and /' are injective and that g and g' are surjective. Let a be a norm ofV. Then 

(a w ^v)w^>p > (&V^>q)p<-^Q 
as norms of P. Moreover, ifker(g) C f(W), then 

(aw^v)w^>p = [o~v-»q)p^>Q' 
Proof. (1) Let us fix u G U. For v € (go f) (u), 

O-(u) > £ry-»W (/(«)) > (oy_»w) W -_».i7(u) 

Therefore cry ^>;y( M ) > (ov^>vk)vk-»E/(w). 

Pick up «o € (.g o with ov_»c/(u) = ct(vo). Then, for any w € 

< T (^o) < ov^w(w) because C (jo Hence 

0V-»i/(ti) = cr(« ) < (oV-»w)w-»[/(")- 
(2) Since /(ker(g')) = / (W) n kcr(.g), for to € W, 

| K^y)^p(s'(»)) = mf{a(x) \ x E f(w) + f(W) n ker(. )} 
\(o'y^Q)g(H')^Q(.9'(w)) = inf{o-(x) | a; € /(«;) + ker(p)}. 

Thus (<7iy^-»y)w-»p(ff(u>)) > (CTy^Q)p^Q(5(w)). Moreover, if ker (g) C /(W) (or, 
equivalently f(W) D ker(.g) = ker(g)), then (a w <-> v )w-+P = (ov^q)p^q. □ 

The following lemma is needed to find a good A in the proof of Theorem l3.4l 

Lemma 3.3. Let X be a projective and gene rically smooth arithmetic variety of dimension 
d, and let f2 be a volume form on X(C). Let L and A be C 00 -hermitian invertible sheaves 
on X. Let us consider the following assertion E(X, L, A): 

There are positive constants ao, C and D depending only on X, L and A 
such that 

h° (H\aL+(b-c)A),\\-\\f 2 ^ b - c ^) 

< h° (H°(aL - cA), || • ||^7 2 c3 ) + Cba^ 1 + Da^ 1 log(a) 

for all integers a, b, c with a > b > c > and a > ao. 
Then we have the following: 

(1) Let A be another C°° -hermitian invertible sheaf on X with A < A (cf. Conven- 
tions and terminology^. IfE(X, L, A) holds, then so does L, A ). 

(2) We assume that rki?°(X, A) ^ 0. Let \ • \a be the hermitian norm of A. If 
E(X, L, A) holds, then so does L, (A, exp(— A)| • \a)) for all A > 0. 

(3) We assume that rkH°(X 7 A) ^ 0. Let A be another C°° -hermitian invertible 
sheaf on X such that A' is isomorphic to A over Q. Then S(X, L, A) holds if and 
only if so does L, A). 

Proof. (1) Since 

L+ (b - c)A < L + (b - c)A and aL - cA < aL - cX , 

(1) follows. 

(2) We set A — (A, exp(— A)| • \a)- Let us fix constants C\ and C2 such that 

rkH°(a(L + A)) < da^ 1 



18 



ATSUSHI MORIWAKI 



for all a > 1 and that 

(log(18) + 2) (rkiT°(a(L + A)) + l) log (rkH°(a(L + A)) + l) < C^ 1 log(a) 
for all a > 2. It is easy to see that 

r ii • ngr c)T = ex P (-(6- C )A)ii ■ ns b - c)3 , 

ll|-H^n cA '=e^A)||-|l2^ 

Since 



vkH°{aL-cA) < rkH°{aL + {b - c)A) < rk H° (a(L + A)), 
using ( 12.2.31 ), we have 



< h {> { H {, (aL + (b- c)A), || ■ ~ CM 



(V(aL + (b -c)A), || 

(H°(aL + (b-c)A),\\.\\f^ b -^) 
< d\(b - c)^- 1 + C 2 a d - X log(a) < dXba^ 1 + C 2 a d_1 log(a) 

and 

< h° (H°(aL - cA), || • ||^f ) - h° (H°(aL - cA), \\ ■ \\f^) 

< dXca 11 - 1 + C^- 1 log(a) < C^Xba^ 1 + C 2 a d - 1 log(a). 

Thus we have 

h° (H°(aL + (b- c)A), || • ||gf- c)3 ') < h° (H°(aL cA), \\ ■ ||«') 

+ (C + 2XC 1 )ba d - 1 + (D + 2C 2 )a d - 1 log(o). 

for all integers a, b, c with a > 6 > c > and a > ao. 

(3) It is sufficient to show that if £(JT, £, A) holds, then so does T>(X, L, A). Since 
A' is isomorphic to A over Q, there is a Cartier divisor F such that A eg) 0^ (F) ~ /I 
and Supp(F) is vertical. Thus there is a positive integer TV such that Ox • TV C Ox{F). 
Hence we have a natural injective homomorphism a : A ■ N — > A. Let | • | and | • |' 
be C°°-hermitian norms of A and A' . Then (A ■ N, | • |') is a C°°-hermitian invertible 
sheaf on X. Since a : A ■ N — ► ^4 is isomorphism over Q, there is a positive number A 
such that |a c (-)l < exp(A)| • |'. Then {A ■ N, exp(A)| • |') < (A, \ ■ |). Hence, by (1), 
E(X, L. (A ■ N, exp(A) | • |')) holds. Note that the homomorphism A' — >■ A ■ N given by 
a a ■ N yields to an isometry (A, iVexp(A)| ■ |') -> (A' • AT, exp(A)| ■ |'). Therefore 
Y,(X,L,(A\ 7Vexp(A)| • |')) holds, so that so does E(X, L, (A, \ ■ |')) by (2). □ 

Let X be a compact complex manifold, and let L = (L, | • |l) and M = (M, \ ■ \m) be 
C^-hermitian invertible sheaves on X. Let t be a non-zero global section of H°(X, M). 

We denote by || • || A ~ , the subnorm of H°(X, L — M) induced by the natural injective 

homomorphism H°(X, L - M) ff ^, L) and the i 2 -norm of || • ||£ 2 of H°(X, L) 

for a fixed volume form on X. For simplicity, || • || ri^TI v, is often denoted by || ■ ||^ 2 1 sub - 

The following theorem is the technical core of this paper. The similar result for an 
arithmetic curve will be treated in Proposition[ 
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Theorem 3.4. Let X be a projective and genetically smooth arithmetic variety of dimen- 
sion d > 2. Let L and A be C°° -hermitian invertible sheaves on X. We assume the 
following: 

(i) A and L + A are very ample over Q. 

(ii) The first Chern forms ci(A) and c\(L + A) on X(C) are positive. 

(iii) There is a non-zero section s € H (X, A) such that the vertical component of 
div(s) is contained in the regular locus of X and that the horizontal component 
ofdvv(s) is smooth over Q. 

Then there are positive constants ao, C and D depending only on X, L and A such that 

h° (H°(aL + (b- c)A), || ■ \\f 2 +{h - c) ~*) < h° (h°{clL - cA), \\ ■ ||gr° 3 ) 

+ Cba d - 1 + Da*- 1 log(a) 

for all integers a, 6, c with a > b > c > and a > ao, where the volume form to define 
L 2 -norms is fl(L + A) (cf. Conventions and terminology^. Moreover the sup-version of 
the above estimate holds as follows: there are positive constants a' , C and D' depending 
only on X, L and A such that 

h° (H°(aL + (b- c)A), || • \C p + «>- c ^) < h° (H°(aL - cA), \\ ■ 

+ C'ba d - 1 + D'a d - l \og{a) 

for all integers a, b, c with a > b > c > and a > a' 
Proof. First let us fix constants C\ and Ci such that 

rkH a (a(L + A)) < da^ 1 

for all a > 1 and that 

(log(18) + 2) (rkH°(a(L + A)) + l) log (ikH°(a(L + A)) + l) < ^a^ 1 log(a) 

for all a > 2. _ 

Let | • | a be the C°° -hermitian norm of A. As in Conventions and terminology [5] for 

A e K, we set 

A A = (Acxp(-A)|-U). 

First we claim the following: 

Claim 3.4.1. We may assume that there is a non-zero section s £ H°(X,A) such that 
IMIsup < 1. div(s) is smooth over Q and that div(s) has no vertical components. We may 
further assume that there are a positive integer n and a non-zero section t of H° (X, nA — 
L) such that ||t|| S up < 1 andt is not zero on div(s). 

By our assumption (iii), there is a non-zero section s € H°(X, A) such that the vertical 
component of div(s) is contained in the regular locus of X and that the horizontal com- 
ponent of div(s) is smooth over Q. Let Y and F be the horizontal component of div(s) 
and the vertical component of div(s) respectively. Note that Y and F are effective Cartier 
divisors because F is contained in the regular locus of X. We define a C°°-hermitian 
invertible sheaf A\ by the equation 

A = Ax <g> (0 X (F), | ■ |can). 

Then there is a non-zero section si G H°(X, A\) such that s = s% ® If and div(si) = Y, 
where If is the canonical section of Ox(F). Let A be a non-negative real number with 
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exp(— A) ||sup < 1. Then, by (3) of Lemma [331 if the assertion holds for L and A lt 
then so does for L and A. 

Moreover, since A is very ample over Q and div(s) has no vertical components, there 
are a positive integer n and a non-zero section t of H Q (nA — L) such that t is not zero on 
div(s). Let A' be a non-negative real number with exp(— A'/n)||i|| sup < 1, Then Hsa 

small section of a C^-hermitian invertible sheaf nA X — L. Thus, by (1) of Lemma 13. 31 
the claim follows. 

For a coherent sheaf T on X and a subscheme Z of X, the image H % (X, J 7 ) — > 
H l (Z, T\ z ) is denoted by P(Z, T\ z ). 

If b — 0, then c = 0. Thus, in this case, the assertion is obvious, so that we may assume 
b > 1. As in Claim [3~4~T1 let s be a non-zero section H°(X, A) such that ||s|| sup < 1, 
Y := div(s) is smooth over Q and that F has no vertical components. Let us choose 
positive numbers C3 and C4 such that 

rkH°(Y, a(L + A)\ Y ) < C 3 a d - 2 

for all a > 1 and that 

(log(18) + 2) (vkH°(Y, a(L + A)| y ) + l) log (rkH°(Y, a(L + A)\ Y ) + l) 

< C A a d - 2 log(a) 

for all a > 2_ 

Let || • ||^t ^uot C ' >j4 ^ e ^ e quotient norm of I°(aL + (6 — c)A| fcy ) induced by the sur- 
jective homomorphism H°(aL + (b — c)A) — ► I°(aL + (b — c)^4| hy ) and the L 2 -norm 
|| • ||^+( b - c ) A f H°(aL + (b - c)A). Note that I°(aL + (b - c)A\ hY ) is torsion free 
because bY is flat over Z. 



,aL+(b-c)A 
li 2 ,s b ,sub 



Claim 3.4.2. For all integers a, b, c with a > b > c > and a > 2, 

h° (H a {aL + (b - c)A), || ■ \\f 2 +{b - c) ^ < h° (H (aL - cA), \ 

+ h° (l°(aL + (b - c)A\ bY ), || • \\f^- c) *) + C 2 a d -i log(a). 

Using an exact sequence 

0^ H°(aL-cA) H°{aL+(b-c)A) 1° {aL + {b - c)A\ bY ) -> 0, 
we have a normed exact sequence 

- (H\aL cA), || • || J Xuf) "> + ( 6 - c ^)< II ' ll5 +(b ~ C) ^) 

- (l°(aL +(b- c)A\ mY ), || • rJ+Xt^) - 0, 

where || • ll^a^^sub' 4 ' s tne surj norm of H°(aL — c^4) induced by the injective homo- 

„ A \ s , E70/'„ r 1 ^ „"i /l\ »k Q r2 11 1 1 



morphism H°(aL - cA) i?°(aL + (6 - c)A) and the L 2 -norm || ■ ||^ +(& ° )A of 



H°(aL + (b - c)A). Thus, by ( 12.2.41 ), it yields the claim because 
TkH°(aL- cA) < rk H°(a(L + A)). 



Next we claim the following: 
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Claim 3.4.3. There are constants ao and C5 depending only on L and A such that 

h° (H°(aL cA), || • CX^) ^ h ° { H °( aL cA ^ I' ' II") 

+ C b ba d - 1 + C 2 a d - 1 \og{a). 

for all integers a, 6, c with a > b > c > and a > ao- 

Note that || • Iljjf-J 3 < || • || ^" c3 - Thus, by (223, 

ft° (#°(ai - cA), || • ||g- <a )-A° (ff°(aL - cA), || • H^^+^a^ 1 log(a) 

> ± (H°(aL - cA), || • \\f 2 -^) x (H°(aL cA), \\ ■ \\f,%T) . 
Therefore it is sufficient to find positive constants ao and C5 such that 

X (H°(aL cA), || • \\f 2 -^) X (H°(aL cA), \\ ■ > -C^" 1 

for all a, 6, c with a > > c > and a > ao. This is nothing more than a consequence of 
Corollary [LZ21 

Let k be an integer with < k < b. Let || • ||£a"£* 6 su b q Uot be the quotient norm of 
I°(Y, ah + (b — c — k)A\ Y ) induced by a surjective homomorphism 

H°(aL + (b-c- k)A) -► I°{Y, aL+(b-c- k)A\ Y ) 

and II ' llStu? ° f F °( ai + ( 6 - C - fc )^)- 

Claim 3.4.4. There is a constant Cq and Cj depending only on L and A such that 

h° (l°(Y, aL+(b-c- k)A\ Y ), || • ||SX"u£uot) < C^' 1 + C ^' 2 l0 S(«) 

for all integers a, 6, c, A: w/f/i a>o>c>0, a>2 ant/ < k < b. 

Let us choose a small open set U of X(C) such that the closure of U does not meet 
with Y(C) and U is not empty on each connected component of X(C). Then, applying 
Lemma H .1.41 to the cases Lc, Ac and Lc, —Ac, there are constant D\ > 1 and > 1 
such that 

J D' 1 ^ +|m| f \u\ 2 n> f \u\ 2 n 

JU JX(C) 

for all integers 1 , 772 with I > Oandalltt G i/°(X(C), ll+mi). SinceO < mf xeU {\s\(x)} < 
1, if we set 

D 2 = l/ inf{| S |(z)}, 

thenD 2 > 1. Thus, if we set D 3 = max{D 2 , D{\, then, for u G H°(X, aL+(b-c-k)A), 

[ \ s k ®u\ 2 n> [ \ s k ®u\ 2 n>D^ 2k ( \ u \ 2 n 

J X(C) Ju Ju 

> D^ 2k D[- 1 D- {a+lb - c - kl) f \u\ 2 n > d'^d- 4 * f \u\ 2 n, 

Jx(C) JX(C) 

which means that 

II _ uaL+(b-c)~A ^ r)/-l/2n-2an _ iiaL+(b-c-k)A 
" II L 2 ,s fc , sub — 1 3 I \\L 2 

Hence _ _ _ _ 

II naL+{b— c)A ^ t~.i -1/2 p.— 2a 11 naL+(b— c— k)A 
I ' HL 2 ,s fc ,sub,quot — U l U Z II ' HL 2 ,quot ' 
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where || • ||Ja "t^ c k ^ A is the quotient norm of I°(Y, aL + (b — c — k)A\ Y ) induced by 
a surjective homomorphism 

H°(X, aL+(b-c- k)A) -> I°(Y, aL + (b-c- k)A\ Y ). 

Note that e x > x + 1 for x > 0. Thus, applying Corollarv ll.l.3l to the cases Lc, Ac and 
Lc, —Ac, there are constants D4, D' 4 > 1 such that 

H n aT+(b-c-k)A ^ n /-l/2 r) -(o+|6-c-fe|)/2|, ., ai+(fe-c-fc)A| y 
II ' HL 2 ,quot - ^4 ^4 II ' 

, ,, „ aX+(6— c— fcYAl 

>z?l 1/2 £> 4 -«|| • || i2 \y 

on / (y, aL + (b — c — k)A\ Y ), where the volume form on Y is given by the C°° -hermitian 
invertible sheaf L + A y . Therefore, if we set D§ = max{L>3, D4} and D' 5 = maxjD^, D' 4 }, 
then _ _ 

H uaL+(b-c)A n/ -l n _ 3a|| ,,aE+(6-c-fe)3| v 

II ' llL 2 , s fc , S ub,quot - U 5 ^5 II • Hl 2 

on J°(y, aL+(b-c- k)A\ Y ). Thus, by jZ23] >, 

^{l\Y,aL + {b- C -k)A\ Y U^\f 2 %£ not 

< h° (l°(Y, aL+(b-c- k)A\ Y ), || • || f 2 +( - h ~ c - k ^ 

+ log(D' 5 Dl a )C 3 a d - 2 + C A a d - 2 log(a) 

< ft° (V(y, aL + (b - c - k)A\ Y ), || • || f 2 +{h ~ c - k ^\ 

+ \og(D' 5 Dl a )C 3 a d - 2 + C 4 a d - 2 log(a). 

Let y be the normalization of Y. Let t be a non-zero section as in Claim [3AT1 Then t 
gives rise to a relation L\ y < nA\ y (cf. Conventions and terminology[8]). Thus 

aL+ (b-c - k)A\ y < (an + b - c - k) AL . 

Therefore, 

ft (V(y aL + (6 - c - fc)A| y ), || • || J+( 6 - c " fc H 

< (>(?, aL + (6 - c - jfe)A| ? ), || ■ || J +(6 - c - fe)3 l- 

<h°( H°(Y, (an + b-c- k)A\ 9 ), \\ ■ || ^"^l 



Further, by Lemma |3TT| there is a positive constant D$ with 



h° (H (Y,nA\ Y ),\\-\\ n L t l A <D 6 n d ~i 



for all n > 1. Thus the claim follows. 

Finally we claim the following: 
Claim 3.4.5. There is a constant C7 depending only on L and A such that 

h° (j°((aL +(b- c)A)\ bY ), || • llSjutr^) < + (C4 + C 7 )a d ^ log(a) 
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for all integers a, b, c with a > b > c > 0, a > 2. 
A commutative diagram 

► -(k + l)A -?0±L> Ox 



-kA 



-kA\, 



O 



x 



o 



-> 



yields an injective homomorphism a k : —kA\ Y — > 0( k+ i^y together with a commutative 
diagram 











-kA 



O. 



kY 



-kA\ Y -2S-» (fc+1)3 







0, 



where two horizontal sequences are exact. Thus, tensoring the above diagram with aL 
(b — c)A, we have the following commutative diagram: 







aL + (b-c- k)A ■ 



aL + (b- c)A ■ 



aL+(b-c)A\ kY 



>- aL+(b-c- k)A\ Y — ^U- aL + (b - c)A\ {k+1)Y ^ aL+(b- c)A\ kY - 

Therefore we have an exact sequence 

-> I°((aL + (b-c- k)A)\ Y ) - /°( (aL + (b - c)A)\ {k+1)Y ) 

^l\(aL+{b-c)A)\ kY )^Q 

Note that in the commutative diagram 

H° {aL+{b-c- k)A) s " > H° (aL + (b - c)A) 

I I 

I°((aL+(b-c-k)A)\ Y ) J°((aL + (6-c)A)| (fe+1)r ), 

the two vertical arrows have the same kernel. Thus, by Lemma [3721 

- (AK + (& - C - fc)^)| y ), || • llS^tsuMuot) 

^(/^( a L+(6- C M)| (fe+1)y ),||.||^ o r )3 ) 

- (l°((oL + (6 - c)A)\ kY ), || • || J+i 6 o r 33 ) - 

is a normed exact sequence, where for each 1 < i < b, the norm || • lljaqj^ °f 
L°((aL + (6 — c)A)| iy ) is the quotient norm induced by the surjective homomorphism 
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H°(aL + (b- c)A) -> I°((aL +(b- c)A)\ iY ) and the L 2 -norm || ■ \\f+( b - c ) A of 
H° (aL + {b~c)A). Therefore, by ^23, 

h° (/^(ai + (fc-c)A)| (fe+1)y )J|^|^ o r )3 ) 

-h° (l°(iaL+(b-c)A)\ kY )A-\\f^- t c ^) 
< h° (aL+(b-c- k)A) \ Y ), || • ||^X"ubiot) + C ^' 2 lQ g( a )- 
Thus, taking ^rl, the above yields 

h° (l°((aL+(b-c)A)\ bY )A\-\\f^ t c ^) 

< £ ^ (aL + (6 - c - fc)^)| y ), || • llgtuSuot) 

fc=0 

+ (b-l)C 4 a d - 2 \og(a). 

Therefore, using Claim [3A4l we have the claim. 

Gathering Claim I3A21 Claim I3A31 and Claim I3A51 if we set C = C 5 + C 6 and 

D = 2C 2 + C 4 + C 7 , then 

ft (ir (o£ + (b - c)A), || ■ ||^ +(& - c)3 ) 

< h° (H°{aL - cA), || ■ HjjH 3 ) + Cba 4 - 1 + Da 11 - 1 log(a) 
for all a > b > c > and a > a,Q. 

Finally let us consider the sup-version of our estimate. First of all, since 

II ■ || s f p +(b - c)3 > II ■ ||S +(6 - c)3 , 

we have 

h° (H°(aL +(b- c)A), || • || s f p +(b - c)3 ) < h° (H°(aL +(b~ c)A), \\ ■ wf^-^) . 
Moreover, by virtue of Gromov's inequality, there is a constant C$ > 1 

II • ||^" c3 > C 8 - 1 (a + c + l)- (i - 1) || ■ || s f p - c ^ 
for all a, c > 0. Thus, since a > c, 



h° (H {aL-cA),\\-\\f 2 - cA 

< h° (H°(aL cA), C£\a + c + ■ \\% 

<h° (H°(aL-cA), || .|| s f p - cZ 

+ log(C 8 (2a + l)' 1 - 1 )^!^- 1 + Caa^- 1 log(a) 
for all a > c > 0. Therefore we obtain the sup-version. □ 

Let R be an integral domain such that R is fiat and finite over Z. Let if be a quotient 
field of R. Note that K is a number field. Let K (C) be the set of all embeddings K <— > C 
of fields. Let L be a finitely generated and free i?-module of rank 1. For each a S if (C), 
the tensor product L 0^ C in terms of the embedding a : K ► C is denoted by L^. 
For each er G if(C), let | • | CT be a norm of L G . The collection (i, {| • \ a }creK(C)) is 
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called a normed invertible _R-module. For simplicity, (L,{\ ■ \a}aeK(c)) is often denoted 
by (L,|.|)orL.Wedenne||-||£ p by 

\\s\\g p = max{\s\„\aeK(C)}. 

Then (L, \\ ■ \\g Up ) is a normed finitely generated free Z-module. 

Proposition 3.5. Let L and A be normed invertible R-modules of rank 1. We assume that 
there is s <E A with s ^ and ||s||^, p < 1. Then there are positive constants C and D 
depending only on L and A such that 

h° (aL +(b- c)A, || • ||f p +(b - c)3 ) < h° (aL - cA, \\ ■ ||f + Cb + D 
for all non-negative integers a, 6, c. 

Proof. Let || • ||"^p + gb 7ub' 4 ' 3e ^ e surm orm of aL — cA induced by the injective homo- 

morphism aL — cA -^-> aL + (b — c)A and the norm || • ||sup^ b of aL + (b — c)A. 
Then, by (4) of Proposition ^. 11 we have 

h° (aL +(b- c)A, || • ||g *+<^) < h° (aL - cA, || . ||f^f ) 

+ log #(Coker(aL - cA -> aL + (b - c)A)) + D, 
where d = [K : Q] and D = (log(18) + 2){d + 1) log(d + 1). Note that 

log#(Coker(aL -cA^aL+(b- c)A)) 

= log#(Coker(i? bA) (g> (aL - cA)) 

= log#(Coker( J R-^k4)). 

Let us consider a sequence of injective homomorphisms: 

R ' A '■ UbA. 

Then 

b 

log#(Coker(i? bA)) = ^log#(Coker((i - I) A %A)) 

»=i 

= b ■ log#(Coker(i? A)). 

On the other hand, for all t E aL — cA, 

\\s b ® t||f p + ( b - c ^ > (min{| S | CT I a G X (C)}) b ||t|| s f- c3 
Thus, by (3) of Proposition ^. 11 

^ (aL - cA, || • ||f p + ( t;f ) < h° (aL - cA, || • || + 61og(C"( S ))d + £>, 
where C"(s) = min{|s| CT | a £ K (C)}. Therefore, 

ft (aL + (6 - c)A, || • ||f p +(6 - c ^) < A (aL cA, || • ||^) 

+ 6(log#(Coker(i? A)) + log(C"(s)))d + 2D. 

□ 
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Finally we consider the following lemma which guarantees the existence of a good C°°- 
hermitian invertible sheaf A satisfying the assumptions (i), (ii) and (iii) of Theorem |3.4| 

Lemma 3.6. Let X be a projective and genetically smooth arithmetic variety of dimension 
d > 2, and let A be an ample C°° -hermitian invertible sheaf on X. Then, for any C°°- 
hermitian invertible sheaf L on X, there is a positive integer uq such that, for all n > no, 
nA satisfies the assumptions (i), (ii) and (iii) of Theorem \3. 41 

Proof. This is a consequence of arithmetic Bertini's theorem (cf. [13]). We can give 
however an easy and direct proof of the lemma as follows: It is easy to find no for the 
assumptions (i) and (ii). In addition to (i) and (ii), we choose no such that nA is very 
ample for all n > uq. Let ir : X — > Spec(Z) be the structure morphism and S the minimal 
finite set of Spcc(Z) \ {0} such that 7r _1 (Spec(Z) \ S) is regular. Let Z\ 1 . . . , Z r be all 
irreducible components of 7r -1 (5), and let x\, . . . ,x r be closed points of X with Xi £ Zi 
for all i. Let mi, . . . , m r be the maximal ideals corresponding to x\, . . . , x r . Then there is 
a positive integer n\ such that, for all n > n 1 , H 1 (X, nAtgrnix ■ ■ ■ m r ) — 0, which means 
that the natural homomorphism 

n 

H°(X, nA) -> nA ® (Ox/rm) 

i=l 

is surjective. Thus if n > max{n ,ni}, then nA is very ample and there is a non-zero 
section t n of H°(X,nA) with t n (xi) ^ for all Xi. We set 7(5) = t n + Is for s £ 
H°(X, nA), where I — Yises char(K(s)) and k(s) is the residue field of Z at s. Note that 
j(s)(xi) 7^ for all i. In particular, every vertical component of div(7(s)) is contained 
7r _1 (Spec(Z)\S'). On the other hand, it is easy to see that the set {7(5) | s £ H°(X,nA)} 
is Zariski dense in a vector space H°(Xq, nAq) = H°(X, nA) ® Q. Thus, by Bertini's 
theorem, there is s £ H°(X, nA) such that div(7(s)) is smooth over Q. □ 

4. Volume function for C°°-hermitian invertible sheaves 
and its basic properties 

Let X be a projective arithmetic variety of dimension d. For a C°° -hermitian invertible 
sheaf L on X, the arithmetic volume of L is defined by 

nm r h (H°(X,mL)A\-\\^) 
vol(L) = lrmsup . 

This number is a finite real number by LemmafXTI Moreover, if L is ample, then 

vd(L)=d^i(?i(I)- rf ). 

First let us consider elementary properties of volume function: 

Proposition 4.1. Let L and M be C°° -hermitian invertible sheaves on X. Then we have 
the following: 

(1) If L < M (Conventions and terminology^, thenyol(L) < vol(M). 

(2) Let I • \l be the hermitian norm of L. For a real number A, we set 

L A = (L,exp(-A)|-| L ). 

If X > 0, then we have 

fvol(I) < vol(L A ) < vol(L) + dXvo\(Lq), 
\ vol(I) - dXvol(L Q ) < vol(L _A ) < voi(I), 
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where voI(Lq) is the geometric volume of Lq on Xq. 
(3) vol(L) = hmsup -_ . 

m— ►oo tit' I \l\ 

Proof. (1) Since L < M, we have mL < mM for all m > 1. Thus 

h° (H°{X,mLl || • Cj) < h° (H°(X,mM), \\ ■ ||™f ) 

for all m > 1. Hence voi(Z) < vol(M). 

(2) Since || • ||™p = cxp(— m\)\\ ■ ||™p, by using ( 12.2.31 ). there is a positive constant 
C such that 

< h°(H°(X, mL), || • £ p ) - h°(H°(X, mL), || • ||£ p ) 

< Am dim ff (X Q , mL Q ) + Crn^ 1 log(m) 

for m ^> 1. Thus we obtain the first inequalities. These implies that 

vol(iT A ) < vol Ur A j A j < vol(Z~ A ) + dAvol(L Q ), 



: A 



A 



which is nothing more than the second inequalities because ( L ) = L. 
(3) For a positive real number A, 

H° (H°(X,mL),\\-\\^ p 



c{ s& H°(X,mL)\\\s\\Zi<l} 

C H°[H { '(X,mL) 



I uOf-y ™r"\ II WmL 
1 1 sup 

because || • ||" U p = exp(mA)|| • ||^p. Thus, using (2), we have 

— - log#{s G H°(X,mL) | \\s\\™£ < 1} — _ 

vol(L) — dXvol(Ln) < limsup y— < vol(L), 

~ m^oo m d /d\ 

which shows the assertion because A is an arbitrary positive number. □ 

The following theorem shows that the volume function is a birational invariant. 

Theorem 4.2. Let n : X' — > X be a birational morphism of projective arithmetic vari- 
eties, and let L and N be C oc -hermitian invertible sheaves on X. Then 



h° (H°(X,mL + N),\\-\C L p +N ) 
lim sup j — 



h° (H°(X',7r*(mL + N)),\\-f s Z mL+N) 
lim sup j 



In particular, vol(L) = vol(7r*(L)). 
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Proof. The proof of this theorem is similar to Ifl6l Theorem 2.2]. First of all, note that 

h° (H°(X,mL + N),\\-\\Z&+^ 



lim sup ■ 



h° (H°(X>,n*(mL + N)),\\ ■ \\^ mL+N) 
< lim sup -j 



Thus, considering a generic resolution of singularities of X', we may assume that X 1 is 
generically smooth. 

Let us consider an exact sequence: 

-» mL + N -> 7r*(7r*(mi + N)) -» (mL + N) (g> (ir*(jD X ')/O x ) 0. 

The image of the natural homomorphism 

H°(X',ir*(mL + N)) -> H°(X, (mL + N) <g> (-k*(O x -)/O x )) 

is denoted by T(X'/X, mL+N). Let || • |irJj!^uot iV) be the quotient norm of T(X'/X, mL+ 
N) induced by the surjective homomorphism 

H°(X',n*(mL + N)) -> T(X'/X,mL + N) 
and the sup-norm || • \\sup mL+N) of H°(X',TT*(mL + N)). 
Claim 4.2.1. If -k is finite and L is ample, then 

h° {t{X>/X, mL + TV), || • < o(m d ). 

We fix a normalized volume form fi on X'(C). Using ft on X'(C), as in Lemma |3TT1 
we can define L 2 -norms of H°(X, mL + N) and H°(X', ir*(mL + N)) as follows: for 
t e H°(X, mL + N) andt' e H°(X', ir*(mL + N)), 

\JX'(C) ) 

and 

where | • | m x+]v an d I ' IwmL+lv) are me hermitian norms of mL + N and ir*(mL + N) 

respectively. Note that tt*(| • \ mT+w ) = \ ■ U (m r+lv)- Let II ' lll^ot be me quotient 
norm of T(X'/X, mL + N) induced by H°(X' ,n*(mL + N)) -► T(X'/X,mL + N) 

I 7r* (m. 

li 2 ,n 



and the i 2 -norm || • ||^2 f^ - *" of H°(X', tt* (mL + N)). Then we have a normed exact 



sequence 
(4.2.2) 

-> (H (X,mL + N), || • ||™?+^) -> (H°(X',n*(mL + N)), \\ ■ \^ mT+7}) ) 



(T(XyX,mL + N),\\-\\i:% L + N ^Q. 
s sufficient to show that 

h° (V(X'/X, mL + AT), || • ||i;S +17) ) < 



Since II ' lll^ot ^ II • IlLp.q^ot^. " is sufficient to show that 
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By virtue of 02] Corollary (4.8)], H°(X', 7t*(toL + N)) is generated by sections t with 

for to ^ 1 because tt*(L) is ample. Thus so does T(X' /X,mL + N) with respect to 
|| • ||^2 r^ 1- ^- Hence, by using (1) and (5) of Proposition ^. II it suffices to show that 

X (T(X'/X, mL + N), \\ ■ Wf^^) < o(m d ) 

because ikT(X' / X, mL + N) = o(m x ). By using the normed exact sequence (14. 2.2b 
and lfl6l Theorem 2.1, (1)], we have 

X (T(X'/X, mL + N), || • \\ll^ o : W) ) = X (h°(X>, n*(mL + N)), || • f L 7 mT+ ^) 

- x (H\X,mL + N), || • ||™?+^) + o(m d ). 

On the other hand, using [ 17, Theorem (1.4)] and Gromov's inequality on X'(C), we can 
see that 

X (n°(X', n*(mL + N)), || • ||£<"^) = S^^ m - + (m% 



X (H°(X, mL + N), || • ||™ i+W ) = deS( ^[ L) ^ TO rf + o(m d ) 
as in the proof of Lemma [3T| Moreover, by the projection formula, 

deg(ci(7r*(L))' d ) = deg(ci(Z)' d ). 

Thus the claim follows. 
Claim 4.2.3. If -k is finite, then 

h° (T(X'/X, mL + N),\\- fi^r 5 ) < o(m d ). 

Let A be an ample C°°-hermitian invertible sheaf on X. Replacing A by a higher 
multiple of A if necessarily, we may assume that there is a non-zero section s of H°(X, A— 
L) such that ||s|| sup < 1 and s dose not vanish at any associated point of n*(Ox>)/Ox- 
Then we have the following commutative diagram: 

H°{X',TT*(mL + N)) H°(X',Tr*(mA + N)) 



T(X'/X, mL + N) — — > T(X'/X,mA + N). 

: ,tt* (m~A+W) 
'sup,7r* (s),sub 



By our choice of s, the horizontal arrows are injective. Let || ■ || 7r ^ m ^^ , be the subnorm 



of H°(X', 7T* (mL + N)) induced by 

H°{X',ir*{mL + N)) ^ H Q {X',TT*{mA + N)) 



and || • \\sup nA+N,> ■ Moreover, let | ■ II J U p™^^ u b quot ^ e tne q uot i ent norm of 
F(X'/X, mL + N) induced by 

H°{X' 1 n*{mL + N) ) -> T(X'/X, mL + N), 
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and let 



,7T* (mA+N) 



i sup quot be the quotient norm of T(X'/ X, mA + N) induced by 
H°(X', Tr*(mA + N)) -> T(X'/X, mA + N). 
Then, by (2) of Lemma [J!2l 



iir* (mA+N) 



> 



tt* (mA+N) 
sup. quot 



II 1 1 sup, 7r* (s) , sub, quot 

on T(X'/X, mL + N). Therefore, by the previous claim, 

h"{T(X'/X, mL + NU^\:^X h ^ 

< h° (T{X'/X,mA + N),\\ ■ W^lf^ < o(m d ). 

On the other hand, since 



,n*(mL+N) 
I sup, quot 



> 



|7r* (mA+N) 

I sup,7r* (s) , sub, quot 1 



we have 

h° (r(X'/X,mL + N),\ 



■ATT*(mL+N) 
I sup, quot 



<h^ (r(r/x, m L + NU-Cz^ 



quot 



Thus the claim follows. 
Claim 4.2.4. If n is finite, then 



lim sup 



h° (H (X, m L + N),\\-\\Zi +N ) 



h° 



= lim sup ■ 



(H°(X',7r*(mL + N)),\\-\\:^ mL+N) ) 



By using (4) of Proposition ^. H and Claim |4~2~3l the normed exact sequence 
0^ (H°(X,mL + N) 



imL+N 
I sup 



H°(X',n*(mL + N)),\\.\\^( mL + N ) 

(r(x>/x, m L + NU-\Qt+ W) )^o 



gives rise to 

h° (h°(X, mL + N),\\. < h° [H°(X', n*(mL + N)), \\ ■ ||^ mr +^ 



< h? [H°(X,mL + N),\ 



\mL+N 
I sup 



+ o{m d ). 



This shows the claim. 



Let us consider a general case. We set X" = Spec(7r»(0x'))- Then tt : X' — > X can 
be factorized 7ri : X' — > X"and7r 2 : X" — > X such that tt = 7T 2 o7ri, (tti)*(0 X ') = X " 
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and 7T2 is finite. Thus, by Claim l4~2~4l 
lim sup 



h° (H (X,mL + N) II • W mL+N 



5 II II SUp 



h° (H°(X", n* 2 (mL + N)), \\ ■ ||^ mM) 
= lim sup 2 

rn — >og m 

On the other hand, since (tti)*(Ox') = Ox", 

H°(X',n*(mL + N)) = H°(X", 7r|(mi + N)) 

for all m > 1. Thus 

h° (h°(X", n*(mL + N)), || • ||$ mr+ ^ 
lim sup 2 

h° (H (X>,ir*(mL + N)), \\ ■ \\^ mT+W) 
= lim sup 2 • 

m — >oo Tfl 

Hence the theorem follows. □ 

Next let us consider the following theorem. 

Theorem 4.3. Let L and N be C°°-hermitian invertible sheaves on X. Then 

h°(H°(X,mL + N),\\-\\^) - m 
hmsup ^ 2 = J, ■ 

m-«x> m a d\ 

Proof. By Theorem 14.21 we may assume that X is generically smooth. By using 
Lemma [3~6l there are ample C°°-hermitian invertible sheaves A and B such that —B < 
N < A and that A and B satisfy the assumptions (i), (ii) and (iii) of Theorem 13.41 The 
inequalities — B < N < A gives rise to 



lim sup ■ 



h° [H°(X, mL — B), n ■ ii mi - B 



I sup 



< lim sup 



rn" 

h° (H°(X,mL + N),\\ • 



< lim sup ■ 



h° (H°(X,mL + A),\\ • |l' nL+A 



I sup 



Applying Theorem l3.4l to the case where 6=1 and c — 0, we have 

h° (H a (X,mL + A),\\ ■ ||^) < h a (H°(X,mL),\\ ■ + o(m d ) 



for m 3> 1, which yields 



ft 



(H°(X,mL + A),\\.\\%L 



L+A 



lim sup -. < 



vol(L) 



Further, applying Theorem l3.4l to the case where b = c = 1, 

h° (H°(X, mL), || • < h° (h°(X, mL B), \\ ■ Cj" 5 ) + o(m d ) 
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for m 3> 1, which implies 



ft (H°(X,mL-B),\\ ■ \\:±~ B 



vol(L) " y 11 K^^-^hW ■ llsup 

< limsup 



d! 

Thus we get the theorem. □ 

The following lemma is need to see the characterization of bigness and the homogeneity 
of the arithmetic volume function. 

Lemma 4.4. Let L and N be C°°-hermitian invertible sheaves on X. We assume that L 
is big. Then, for a fixed positive integer p, 

h°(H°(X,pnL + N),\\ -W^+n ,. h°(H°(X,mL + N),\\-\\^) 
lim sup - — r-j = lim sup ^ 

n — >oo \P^) m — >oo TTl 

and 

. h°(H°(X,pnL + N),\\-\\^) . h (H°(X,mL + N),\\-\\T^) 
lim mi — — -, = lim mi 

n— *oc (pn) m— »oo 771" 

Proof. First we claim the following: 

Claim 4.4.1. There is a positive integer mo such that h°(H Q (X,mL), \\ ■ ||^p) ^ for 
all m > mo. 

Let A be an ample C°°-hermitian invertible sheaf on X such that 

h°(H°(X,A),\\-\\l p )^0 and h°(H°(X, L + A), \\ ■ ||£+^) 7^ 0. 

Since L is big, we can find a positive integer a with h a (H°(X, ah - A), \\ ■ \\^~ A ) ^ 
(cf. IH Proposition 2.2]). Note that 

ai = (aL - A) + A and (a + 1)L = (aL - A) + (L + A). 

Thus 

h (H°(X,aL), || -||f p )^0 and (a + || • ^ 0. 

Let m be an integer with m> a 2 + a. We set m = aq + r, where < r < a. Then q > a. 
Thus we can find b > with q = b + r. Therefore ml = b(aL) + r((a + 1)L), which 
means that 

h°(H°(X,mL)A\.\\^)^0. 

Next we claim the following: 
Claim 4.4.2. There is a positive integer no such that 

h a (H°(X,pnL + N),\\-\C^) 

< h°{H°(X, (p{n + no) + i)L + N), \\ • || W"+"o JV) 

< h°(H°(X,p(n + 2n + 1)L + N), || • ||^+ 2 "°+ 1 ) M ) 
for all n > 1 and all % = 0, . . . ,p. 
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We choose no with pno > mo. For each i = 0, . . . , p, there is a non-zero section Si of 
H°(X, (pno + i)L) with ||sj|| BUp < 1. Therefore we have injective homomorphisms 

H°(X,pnL + N) H°(X, (p{n + n ) + i)i + iV) ^4 ff°(p(n + 2n + 1)£ + N). 
Thus our the claim follows. 

Let us go back to the proof of the lemma. By the above claim, 

h°(H a {X, P 7iL + N), || ■ \\ P S ^ +W ) 



lim sup ■ 



(pn) d 

} 

< lim sup 



(p(n + n ) + || • \\^ +no ^ L+N ) 



(pn) d 

h°(H°(X <n( 

< lim sup 



h°(H°(X,p(n + 2n + l)L), \\ ■ \\p(-+^o+i)l +N) 



(pn)° 
Note that 

lim ; , {pn)d ; , = lim 



n^oo + no) + «) d »i^°o (p(n + 2n + l)) d 
This shows that 



lim sup 



h°(H°(X,pnL + N),\\-\\^+») 



— lim sup 



(pn) d 

h°(H a (X, (pn + i)L + N), || • \\i P u n p +l)T+7r ) 



[pn + i) d 



for all i = 0, . . . , p — 1. Hence 

h°{H\X,pnL + N), lr 

lim sup — r-j - = lim sup 



h°(H°(X,pn L + N),\\-\C p L+N ) _ _ h°(H°(X, mL + N), \\ ■ \\Z% +N ) 
(pn) d 



In the same way, we can see 

. h°(H°(X, I mL + N),\\-\\%£ + ' N ) . /h°(H°(X,mL),\\-\\^ +W ) 
lim ml — — ; - = lim ml -. . 

n— *oo (pn) m^oo xxi 



□ 



The following theorem is a characterization of a big C°°-hermitian invertible sheaf. The 
similar property is observed in lfl6l . 

Theorem 4.5. For a C°°-hermitian invertible sheaf L on X, the following are equivalent: 

(1) vol(Z) > 0. 

(2) L is big. 

(3) MW «W£y >a 

m— »oo 777, 

(4) liminf lo g #{^^^)IMU<l} > Q 

■m—>oo TTl 

Proof. Obviously (3) => (1) and (4) (1), so that it is sufficient to show that (1) 
=> (2), (2) =► (3) and (2) =► (4). 
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(1) => (2): We assume that vol(L) > 0. By (3) of Proposition 14. II there is a positive 
integer m and a non-zero section s of H°(X, mL) with ||s||™p < 1. Let A be an ample 
C°°-hermitian invertible sheaf on X. By Theorem l4.31 



h° 



(H°{X,mL-A),\\. 



vol(L) 



limsup ^ - '- = > 0, 

m-»oo m a d\ 

which implies that there is apositive integer n with h° ^H°(X, nL — A), \\ ■ H"^' 4 ^ 0- 
Hence nL > A. In particular, Lq is big on Xq. 

(2) =>■ (3): Let A be an ample C°°-hermitian invertible sheaf on X. Since L is big, 
there is a positive integer p with pL > A. Therefore, 

, h (H°ipnL),\\-\C^) 1 . fe°(g°(nA),||-||g) 
limint — —5 — > — t limmt -5 — > U. 

n— *oo (pn) p n-^oc fi 

Hence, by Lemma l4~4l 

. h°(gyL)j ■ || s ffi 

limint 3 — > 0. 



(2) (4): We choose a sufficiently small positive number A such that L X is big. 
Since (2) ==>• (3), we have 

Um inf log#{. S 6 H°(X,mL) I exp(mA)||a|| 8U p < 1} > Q 

m—>oc TH d 

which yields (4). □ 

Remark 4.6. In the paper |[T6l . Yuan uses the condition (4) of the above theorem as a 
definition of a big C°°-hermitian invertible sheaf. By the above theorem, Yuan's definition 
is equivalent to our bigness. 

Proposition 4.7. vol is homogeneous of degree d, that is, vo\(pL) = p d vo\{L) for every 
non-negative integer p. 

Proof. Since 

h (H°(X,npL),\\-\\X) h (H°(X,mL),\\-\& 
lim sup — ~2 — < um sup -3 — , 

n — >oo \JIP) m — >oo tTl 

we have vol(pL) < p d vol(L). Thus, if vol(L) = 0, then the assertion is obvious. There- 
fore we may assume that vol(L) > 0, namely, by Theorem 14.51 L is big. Hence, by 
Lemmal44l 

h (H°(X,n P L),\\.\\Zg) h°(H°(X,mL),\\-\\^) 
lim sup — — = lim sup -3 — , 

n — >oo [.TIP) m — >oo tt\ 

which means that vo\(pL) = p d vol(L). □ 
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5. Continuity of the volume function 

Let X be a d-dimensional projective arithmetic variety and Pic(X) the group of iso- 
morphism classes of C°°-hermitian invertible sheaves on X. An element of Pic(X) <g> Q 
is called a C°° -hermitian Q-invertible sheaf on X. For L e Pic(X), the image of L 
via the canonical homomorphism Pic(X) — > Pic(X) <g) Q is denoted by [L]. Note that 
[L] = [(Ox, | • lean)] if and only if L is a torsion in Pic(X), that is, there is a positive 
integer n with nL = (Ox, | ■ lean)- We say a C°°-hermitian Q-invertible sheaf L is rep- 
resented by M £ Pic(X) if [M] = L. Moreover a C°° -hermitian Q-invertible sheaf L 
on X is said to be ample if there is a positive integer n such that nL is represented by an 
ample C°° -hermitian invertible sheaf on X. Similarly we say L is nef (resp. big) if nL is 
represented by a nef (resp. big) C°° -hermitian invertible sheaf for some positive integer n. 
Let us begin with the following lemma. 

Lemma 5.1. vol : Pic(X) — > R extends to a homogeneous map 

vol : Pic(X) ® Q -> M 

of degree d, that is, vo\(aL) = a d vo\(L) for every non-negative rational number a. 

Proof. Let L be a C°°-hermitian Q-invertible sheaf on X. Let n be a positive integer 
such that nL is represented by a C°° -hermitian invertible sheaf M. Then we would like 
to define vol(L) to be vol(M )/n d . Indeed this is well-defined. Let n' be another positive 
integer such that n'L is represented by a C°°-hermitian invertible sheaf M . Then, since 
[n'M] — [nM ], there is a positive integer m with mn'M — mnM . On the other hand, 

vol(mn'M) = (mn') d vol(A/) and vol(mnM') = (mn) d vol(M') 

Thus vol(M)/n d = Q[(M')/n' d . 

Next let us see that vol(aL) = a d vol(L) for every non-negative rational number a. Let 
n and m be positive integers such that ma e Z and nL is represented by M E Pic(JC). 
Then, since (mn)aL is represented by (ma)M, 

vol(aL) = w\((ma)M)/(mn) d = a d w\(M)/n d = a d m\(L). 

□ 

In Conventions and terminology [8] we define the order < on the group Pic(X). We 
would like to extend it to Pic(X) ® Q. For L,M G Pic(X) ® Q, if there is a positive 
integer n such that nL and nM are represented by a C°° -hermitian invertible sheaf L and 
M respectively with L < M , then we denote this by L <q M. 

Lemma 5.2. For L, L , M, M <E Pic(X) ® Q, we have the following: 

(1) L <Q M if and only if — M <q — L. 

(2) IfL <q M ant/ 1' < Q Id', then L + l! <q M + m'. 

(3) /f-L <Q -M ant/ a « a non-negative rational number, then aL <q oM. 

(4) IfL <q M, f/zen vol (I) < vol(M). 

Proof. (1), (2) and (3) are consequence of the properties in Conventions and terminol- 
ogylH Let us consider (4). Let n be a positive integer such that n_L and nM are represented 
by C°°-hermitian invertible sheaves L and M with L < M . Then vol(L ) < vol(M ) 
by (1) of Proposition l4.ll Hence we have (4). □ 
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Remark 5.3. For reader's convenience, let us give a sketch of the proof of the properties 
(1) and (2) in Conventions and terminology [8] Let (V, a) and (W, r) be normed C-vector 
spaces of dimension one. We denote (V, a) < (W, r) if there is an isomorphism <fi : V —> 
W over C such that t(</)(x)) < <j(x) for all x S V. Then, in order to see the properties (1) 
and (2), it is sufficient to show the following: 

(a) (V,a) < (W,t) if and only if (W v ,t v ) <(V v ,a v ). 

(b) If (V, a) < (W, r) and (V, a') < (W, t'), then 

(V ®V',a® a') <{W ®W',t® t'). 

(a) Let 4> : V — * be an isomorphism over C, tia basis of V and w = <f>(v). Let v y 
and u> v be the dual bases of v and w respectively. Since a(v/cr(v)) = 1, 

a v (v v ) = max{|w v (a;)| | ct(.t) = 1} = 1/ CT («). 

In the same way, t v (w v ) = l/r(w). Note that </> v (u> v ) = w v . Thus (a) follows. 

(b) Let <fi : V — > W and 0' : V' —> W be isomorphisms over C such that t(0(x)) < 
cr(x) and t'{4>'{x')) < a'(x') for all x e V and x' € V. Then 

(t <g) r')(0 O x')) = T{<j){x))T'{(j)'{x')) < a(x)a'(x') = (a <g> o-')0 x')< 

Therefore (V ® V, a (g) cr') < (W W, t (g) r'). 

The following theorem is the main result of this paper. 

Theorem 5.4 (Continuity of volume). Let L and A be C°° -hermitian Q-invertible sheaves 
on X. Then 

lim voi(X + eA) = vo\(L). 

£->0 

More generally, for C°° -hermitian Q-invertible sheaves A\, . . . , A n on X, 
lim vol(L + e\Ax H h e n ~A n ) = vol(L). 

ei— ►0,...,e»^0 

Proof. First let us consider the case n = 1. Let /i : X' — > X be a generic resolution 
of singularities of X. Then, by Theorem 1431 vol(L + eA) = vol(p*(L) + e(j,*(A)) and 
vol(L) = vol(n*(L)). Thus we may assume that X is generically smooth. 

Claim 5.4.1. We may further assume that A is ample. 

Let B be an ample C°°-hermitian Q-invertible sheaf on X such that A + B is ample. 
Then, for e > 0, 

L-e(A + B) < Q L-eA<QL + eB and L - e~B <q L + eA <q L + e(A + B). 
Thus, by (4) of Lemma [5721 

fvol(L - e(A + B)) < voi(L - eA) < vol(I + eB), 
1 vol(L - e5) < voi(I + e74) < vol (I + e(74 + £)). 

Hence the claim follows. 

From now on, we assume that A is ample. It is obvious that 

lim volfL + eA) = volfL) lim vol(L + ea~A) = vol(L) 
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for any positive rational number a. Moreover, 

vol(nr + eA) = n d vol(L + [e/n)A) and vol(nL) = n d vo\(L). 

Therefore, we may assume that L is C°°-hermitian invertible sheaf. Further, by Lemma [3~6l 
we may assume that A is a C°°-hermitian invertible sheaf and that A satisfies the assump- 
tions (i), (ii) and (iii) of Theorem l3.4l 
Since 

vol(I - eA) < vol(I - eA) < vol(I) < vol(L + eA) < vol (I - e'A) 
for < e < e', it is sufficient to show that 

voi(Z) = lim vol(L + (l/p)A) = lim vol(L- (l/p)A). 

p — >oc p — >oo 

By Theorem l3.4l (or Proposition l3.5l for d = 1), there are positive constants a' Q , C and D' 
depending only on X, L and A such that 

h° (H°(aL + (b- c)A), || • ||f + (b - c)3 ) < h° (H°(aL - cA), || • ||f- c3 ) 

+ C'ba d - 1 + D'a^logia) 

for all integers a, b, c with a > b > c > and a > a' . 

First we set a — pra, b = m and c = for a fixed positive integer p. Then 

ft (H°(pmL + mA), \\ ■ ||^ +m3 ) < h° (n°(pmL), \\ ■ ||^f 

+ C'p d - 1 m d + D'p d - 1 m d - 1 log(pm) 

for m>l, This implies that 

vol(pL + A) < yol{pL) + C'p 4 ' 1 
for all p > 1, which means that 

vd(I) < vd(Z + (l/p)A) < + C"(l/p). 

Hence 

lim voi(L+ = voi(I). 

Next we set a = pm and b = c = m. Then 

ft (ff°(pmL), || • ||r p r ) < ^ (ff°(pmL - mA), || • ^ 

+ C*y _1 TO d + D'p d ^m d ^ log(pm) 

for ra>l. This implies that 

vd(L - < vd(I) < - + C"(l/p). 

Thus 

lim volfl- = voi(I). 

p — >oc 

Let us consider a general case. We can find C°°-hermitian Q-invertible sheaves A i and 
A i such that <q A[, <q A" and Ai = A i — A" for each i. Then 

L + e x A x + • • • + e„A„ = I + e x 3i + • • • + e n A' n + (-ei)A" + ■■■ + (-e n )A^. 
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Thus we may assume that <q Ai, . . . ,0 <q A„. Find an ample C°°-hermitian Q- 
invertible sheaf B such that Ai <q B for alH = 1, .... n. Then 

-\ti\B <q — |ej|-Ai <q CjA, <q |e;|Aj <q |e,|i? 

for each i, which implies 

L- (|ei| + • • • + |e n |)S < Q 1 + + • • • + e„A„ < Q 1+ (|ei| + • • • + \e n \)B. 

Therefore 

wl(I-(|ei| + --- + |e„|)S) 

< voi(I + eili + ■■■ + e n A n ) 

<TOl(I+(|ei| + ... + |e n |)B). 

Thus the general assertion follows from the case n = 1. □ 

As a corollary, we can show the following arithmetic Hilbert-Samuel theorem for a nef 
C°°-hermitian invertible sheaf. 

Corollary 5.5 (Arithmetic Hilbert-Samuel formula). Let L and N be C°° -hermitian in- 
vertible sheaves on X. If L is nef, then 

h° (h°(X, mL + AO, || ■ ||^ +W ) - deS y ) m d + o(m d ) (m » 1). 

In particular, vol(L) = dcg(ci(L)' d ), and L is big if and only if deg(ci(L)' d ) > 0. 

Proof. First let us see the following claim: 

Claim 5.5.1. vol (I) = deg(ci(L) <i ). 

Let A be an ample C°° -hermitian invertible sheaf on X. Then L + eA is ample for all 
e > 0. Thus 

+ e 3) = dii ( (ci (L) + ec x (A)) d ) . 
Therefore our claim follows from the continuity of volumes. 

Let us go back to the proof of the corollary. It is sufficient to show 

deg(ci(L)' d ) = Um h°(H"(X,mL + N),\\-\\^ +7! ) 
d\ m— >oo m d 

If L is not big, then, by Claim [53T1 

voi(Z) =d^g(d 1 (L) d ) =0. 

Thus our assertion is obvious by Theorem l4.3l so that we may assume that L is big. Then 
there is a positive integer k with kL > A. We set E — kL — A. Since 

pL-E=(p-k)L + A, 

pL — E is ample if p > k. On the other hand, since pL > pL — E, we have 

h°(H°(X,npL + N), || ■ > h°(H°(X,n(pL + N), II ■ || s n u ( f 
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for n > 1, which implies that 

. /h (H°(X,npL + N),\\-\\X +W ) 
lim ml — — 

n— »oo (np) d 

> Hm inf - E) + AQ, || ■ |ggf^) 

— ra— >oo (np) d 

Therefore, for a fixed p with p > k, by using Lemma lXTl and Lemma [4!4l 

, fe° (H°(X, mL + N), \\ ■ ctegfrjpL - Ey d ) 
mil mi - > -t— . 

m— ►(» m p a d\ 

Thus, taking p — > oo, 

, ft°(g°(ir,mL + i\0,|| ■ |g+^) djjgUX)^) 
lmi mi -j - > . 

On the other hand, by Theorem |4.3| and Claim [53Tl 



lim sup 



h Q (H°(X,mL + N) 7 \\ ■ \C L p +N ) _ teg(MLy d ) 



m d\ 
which proves the corollary. □ 

Finally let us consider the volume of the difference of nef C°° -hermitian Q-invertible 
sheaves, which is essentially the main result of Yuan's paper Ifl6ll . 

Theorem 5.6. Let L and M be nef C°° -hermitian Q-invertible sheaves on X. Then 

toI(I-M) >d^'(?i(I)" i )-d-ckJi(ci(L)-( d - 1 ) -c x (M)). 

Proof. First we assume that L and M are ample C°° -hermitian invertible sheaves on 
X. Then, by £GQ, 



vol(i — M) > limsup 



X [H°(m(L-M)), 



,m(L-M) 



sup 



m d /d\ 

> d^(c!(I) d ) - d ■ d^ciOL)^- 1 ) • ci(M)). 



Thus, using the homogeneity of vol, the inequality holds for ample C°° -hermitian Q- 
invertible sheaves on X. Let A be an ample C^-hermitian invertible sheaf on X. Then, 
for a small positive number e, L + eA and M + eA are ample. Thus, 



vol(£ - M) = vol((L + eA) - (M + eA)) 

>d^g((c 1 (L)+ec 1 (A)y d ) 

- d ■ dii((cr(I) + ec^A))-^ ■ (ci(M) + ec^A))). 
Therefore the theorem follows. □ 

Remark 5.7 (Arithmetic analogue of Fujita's approximation theorem). It is very natural 
to ask the following arithmetic analogue of Fujita's approximation theorem: Let L be a 
big C°°-hermitian Q-invertible sheaf on X. For any positive number e, do there exist a 
birational morphism \i : X' — ► X and an ample C°° -hermitian Q-invertible sheaf A on 
X' such that A < Q p* (L) and vol(T) < vol(A) + e ? 
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6. Generalized Hodge index theorem 



In this section, we consider a generalized Hodge index theorem as an application of the 
continuity of the volume function. First let us introduce a technical definition. 

Let X be a projective arithmetic variety of dimension d. Let L be an invertible sheaf on 
X such that L is nef on the generic fiber Xq of X — > Spec(Z). We say L has moderate 
growth of positive even cohomologies if there are a generic resolution of singularities fi : 
Y — > X and an ample invertible sheaf AonY such that, for any positive integer n, there 
is a positive integer m such that 



for all m > to and for all i > 0. Here we consider examples of invertible sheaves with 
moderate growth of positive even cohomologies. 

Example 6.1. (1) We assume that d — 2. Then L has obviously moderate growth of 
positive even cohomologies. 

(2) If L is nef on each geometric fiber of X — > Spec(Z), then L has moderate growth of 
positive even cohomologies. Indeed, let [i : Y — > X be a generic resolution of singularities 
and A an ample invertible sheaf on Y. Then, for all n > 1, nfi*(L) + A is ample. Thus 

iP(Y, m(nfi*(L) + A)) = for to > 1 and i > 0. 

(3) We assume that d = 2 and X is generically smooth. Let E be a rank r locally free 
sheaf on X. Let tt : P = Proj(® m>0 Sym m (E)) -> X be the projective bundle of £ 
and Op (1) the tautological invertible sheaf of P. We set L = r ■ O p (1) - 7r*(dctP). If 
E is semistable on the generic fiber Xq, then it is well-known that L is nef on the generic 
fiber Pq. Moreover L has moderate growth of positive even cohomologies. This fact can be 
checked as follows: Let B be an ample invertible sheaf on X such that A = Op ( 1 ) +tt* (B) 
is ample. Then 



The main result of this section is the following generalized Hodge index theorem. 

Theorem 6.2 (Generalized Hodge index theorem). Let X be a d-dimensional projective 
arithmetic variety and L a C°° -hermitian invertible sheaf on X. We assume the following: 

(1) Lq is nef on Xq. 

(2) Ci(L) is semipositive on X(C). 

(3) L has moderate growth of positive even cohomologies. 
Then we have an inequality vol(L) > dcg(ci (L)' d ). 

Proof. First we assume that X is generically smooth. Moreover, instead of the prop- 
erties (1), (2) and (3) as above, we assume the following (a), (b) and (c): 

(a) Lq is ample on Xq. 

(b) Ci(L) is positive on X(C). 



\og#(H 2i (Y,m(n^(L) + A))) 



o(m d ) 




mn det (i?))) 
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(c) There is a positive number too such that 

log #{H 2i (X,mL)) =o{m d ) 

for m > to . 
Then let us see the following: 

Claim 6.2.1. vol (I) > deg(c 1 (L) <i ). 

By virtue of the arithmetic Riemann-Roch theorem [7 1 and the asymptotic estimate of 
analytic torsions [2], we obtain 

x(H°(X,mL),\\.\\i 2 ) 

+ log #{H 2l (X, mL))-J2 log #(H 2 *-\X, mL j) 
i>i i>i 

= ^m d ) md+o{md) 

for m>l. Thus, using the assumption (c) and (1) of Proposition ^. 11 

iO/TjQfv T\ II llXT i ^ d e g( c l(^) d ) d , / d\ 

ft (# (A,mL), || • || L 2) > ^ m + o(m ) 



for m ^> 1. By Gromov's inequality and (3) of Proposition 12.11 the above inequality 
implies 

toruO/v t\ n \\L ^^ deg(ci(L) d ) d d 
ft (if (X,mL),|| • || sup ) > ^ ™ +o(m ) 

for to ^> 1. Hence the claim follows. 

Let us go back to a general case. Since L has moderate growth of positive even coho- 
mologies, there is a generic resolution of singularities fi : Y — > X and an ample invertible 
sheaf A on Y such that, for any positive integer n, there is a positive integer too such that 
log#(i? 2l (Y, m(nfi*(L) + A))) = o(m d ) for all m > m Q and for all i > 0. Let us give 
a C°°-hermitian metric | • \a to A such that A = (A, | • |a) is ample as a C°°-hermitian 
invertible sheaf. Then, by Claim l672~Tl 

vd(n//(I) +3) > deg(ci(n/i*(I) + A)' d ), 

which implies 

+ (l/n)A) > deg((ci(^*(L)) + (l/n)c x (A))- d ) 
by Proposition l4.7l Hence, using the continuity of the volume function, 

^*(L))>dTg(d 1 (^(L)) d ). 
This gives rise to our assertion by Theorem l4.2l and the projection formula. □ 
According to (1), (2) and (3) of Example 16. II we have the following corollaries. 



Corollary 6.3. Let X be a projective arithmetic surface and L a C°° -hermitian invert- 
ible sheaf on X such that L is nef on the generic fiber of X — > Spec(Z) and C\(L) is 
semipositive on X(C). Then 
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Corollary 6.4. Let X be a projective arithmetic variety of dimension d and L a C°°- 
hermitian invertible sheaf on X such that L is nef on every geometric fiber of X — > 
Spec(Z) and C\(L) is semipositive on X(C). Then 

vol(L) > dii(?i(I)' d ). 

In particular, if deg(ci(L)' d ) > 0, then L is big. 

Corollary 6.5. Let X be a projective and generically smooth arithmetic surface and E a 
C°°-hermitian locally free sheaf on X. If the metric of E is Einstein-Hermitian, then 



deg ( c 2 (£) -■-^-f-c 1 {Ef) >0, 



where r = rk _E. 



Proof. Let tt : P = Proj(0 m>o Sym m (£)) -> X be the projective bundle of E 
and Op(l) the tautological invertible sheaf of P. Using the surjective homomorphism 
tt*(E) — > Op(l) and the hermitian metric of E, we give the quotient metric | • |p to 
P {1). We setOp(l) = (C P (1), | • \ P ) and! = r • P (1) - 7r*(detE). Note that Lq 
is nef and not big and that c\ (L) is semipositive (cf. Ifl2l Lemma 8.7. 1]). Moreover L has 
moderate growth of positive even cohomologies. Thus, by Theorem l6.21 

d^ g (c 1 (l)-'' +1 )<o 

because L is not big. Note that 

3eg(ci(T)' r+1 ) = r r+1 ■ d^g (^c^Ef - c 2 {E) 



(cf. H2 Section 8]). Thus 



□ 



Remark 6.6. ( 1 ) In CorollarvO if deg (Lq) = 0, thendeg(ci(L)' 2 ) < 0. This is nothing 
more than the Hodge index theorem due to Faltings and Hriljac (cf. [0 and ifTOl ). In this 
sense, we call Theorem l6.2l the generalized Hodge index theorem. 

(2) The second assertion of Corollarv l6.4l is a generalization of 1 17, Corollary (1.9)]. 

(3) Corollary 16.51 is valid even if Eq is semistable on Xq. The case where the metric 
is Einstein-Hermitian is however essential and crucial for a general case. For details, see 

ma. 
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